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This paper develops a systematic analysis of a sea ice pack viewed as a thin layer
of coherent ice floes and open water regions at the ocean surface. The pack is
driven by wind stress and Coriolis force, with responsive water drag on the base
of the floes. Integration of the mass and momentum balances through the layer
thickness result in a two-dimensional theory for the interface between ocean and
atmosphere. The theory is presented for a plane horizontal interface, but the

t This paper was produced from the authors’ disk by using the TEX typesetting system.
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220 J. M. N. T. Gray and L. W. Morland

construction is readily extended to a non-planar interface. An interacting con-
tinua framework is adopted to describe the layer mixture of ice and water, which
introduces the layer thickness h and ice area fraction A as smoothly varying
functions of the plane coordinate and time, on a pack length scale and weather
system timescale. It is shown how an evolution equation for A which ignores ridg-
ing can lead to the area fraction exceeding unity in maintained converging flow,
which is physically invalid. This is a feature and weakness of current models, and
is eliminated by artificial cut-off in numerical treatments. Here we formulate a
description of the rldglng process which redistributes smoothly the excess hori-
zontal ice flux into increasing thickness of a ridging zone of area fraction A,, and
a simple postulate for the vertical ridging flux yields an evolution equation for A
which shows how A can approach unity asymptotically, but not exceed unity, in
a maintained converging flow. This is a significant feature of the new model, and
eliminates a serious physical and numerical flaw in existing models.

The horizontal momentum balance involves the gradients of the extra stress
integrated through the layer thickness, extra to the integrated water pressure
over the depth of a local floe edge below sea level. These extra stresses are zero in
diverging flow and arise as a result of interactions between floes during converging
flow. It is shown precisely how a mean stress in a floe is determined by such edge
tractions, and in turn provides an interpretation of the local extra stress in the
pack. The interpretation introduces the further model function f(A) which defines
the fraction of ice-ice contact length over the boundary of a floe, describing an
increase of the contact fraction as A increases. Model interaction mechanisms
then suggest a qualitative law for the pack stress in terms of relative motions
of the floes which define the pack-scale strain rates. A simple viscous law is
presented for illustration, but it is shown that even this simple model can reflect
a conventional motion of a failure criterion on the stresses in a ridging zone where
the convergence greatly exceeds a threshold value. We have therefore defined
precisely the two-dimensional ice pack stress arising in the momentum balance,
and determined its relation to the contact forces between adjacent floes.

The foregoing analyses hinge on the introduction of dimensionless variables
and coordinate scalings which reflect the orders of magnitude of the many phys-
ical variables and their gradients in both individual floe and ice pack motions.
A variety of small dimensionless parameters arise, which allows the derivation
of leading-order equations defining a reduced model which describes the major
balances in the motion.

The distinct equations for diverging and converging flow regions indicates the
existence of moving boundaries (in the two-dimensional pack domain) in the flow,
satisfying appropriate matching conditions to be determined as part of the com-
plete evolution. This feature appears to have been ignored in previous treatments.
Here we illustrate the evolution of a moving boundary by constructing an exact
solution to a one-dimensional pack motion which describes onshore drift due to
increasing, then decreasing, wind stress. During the second phase a region of di-
verging flow expands from the free edge. The solution demonstrates the influence
of various parameters, but, importantly, will provide a test solution for numer-
ical algorithms which must be constructed to determine more complex one and
two-dimensional motions.

Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

A

R
\\ \\
P

/

A \
Y

A

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL A
SOCIETY /3%

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

The dynamics of sea ice 221
1. Introduction

(a) Sea ice

Sea ice covers approximately 7% of the oceans throughout the year, covering from
8 x 10° to 15 x 10° km? between winter and summer in Arctic waters, and from
3 x 10° to 15 x 10° km? between summer and winter in Antarctic waters, with a
six month phase difference between Arctic and Antarctic seasons. The presence
of extensive sea ice has significant effect on the dynamics and thermodynamics of
both atmosphere and ocean, and the motions and thermal responses of all three
are strongly coupled. Considerable attention has been given, and continues, to
the physical and numerical modelling of processes in the atmosphere and oceans,
and the coupling in the absence of ice, but the inclusion of sea ice effects are far
less advanced.

As surface cooling occurs and the sea water approaches its freezing point,
approximately 271.4 K (—1.8 °C) at a salinity of 35 parts per thousand (p.p.t.),
its density increases and there is a convective overturning of the mixed layer
above the pycnocline. Ice does not form on the surface until the entire mixed
layer approaches the freezing point. As the ice forms some of the salt is trapped
in brine pockets within the crystal lattice, but the rest is rejected to increase
the salinity of the near surface water. Such adjustments of the temperature and
salinity distributions strongly influence the ocean dynamics. The initial skim
of frazil ice continues to thicken due to thermodynamic growth into a smooth
sheet in calm water, or may be fractured into ice pancakes by wave action, which
interact and raft over each other to freeze again into a single, less smooth, ice floe.
Floes can reach 3 m in thickness by thermodynamic growth in the central Arctic
(Maykut & Untersteiner 1971), and become thicker off the northern coast of
Greenland by mechanical deformation (ridging). Floe diameters range from tens
of metres in the marginal ice zone (MIZ), to several kilometres in the interior.
An ice pack is a mosaic of many floes separated by leads of open water and frazil
ice, which may extend for 1000 km. The system is driven by the wind and ocean
currents, reaching velocities of 107" m s™! (8.64 km per day).

The relative motions between floes due to the non-homogeneous wind forcing
and the different inertias causes opening and closing of the leads, and interactions
between the floes. Newly open water in expanding leads can freeze rapidly and
the latent heat is responsible for substantial heat exchange with the ocean. In
addition, the much greater albedo of ice compared to that of water results in much
greater reflection of solar radiation, creating a colder atmosphere and further
freezing. The strong katabatic winds blowing off the Antarctic coast drive the
ice offshore, creating coastal polynyas, large enclosed leads (Gordon & Comiso
1988), in which new ice is generated in vast quantities. The ice is easily blown
into warmer regions in which freezing would not necessarily occur, resulting in a
more northerly ice margin in Antarctica and a greater volume of ice than would
otherwise be expected. The Antarctic ice pack then is largely composed of first
year ice approximately 1 m thick (Wadhams 1987). In the enclosed Arctic basin
there is considerable convergence of the floes, resulting in ridges with ice pushed
up to form a sail on the surface, and down to form a keel on the base, which
can extend to 15 m or more below the water surface. With 50% of the Arctic ice
volume in ridges (Wadhams 1981; Bourke & Garret 1987), the mean thickness is
approximately 5 m, and comprises mainly multi-year ice.
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222 J. M. N. T. Gray and L. W. Morland

While the thermal and salinity effects of ice in the ocean are essentially due
to the thermodynamics of freezing and melting, the distribution of ice over the
ocean surface at any time is governed by the coupled atmosphere, ice and ocean
dynamics. The most simple description will comprise a prescribed pressure and
tangential wind stress distribution over the ice/ocean surface, and prescribed
sensible heat and radiation fluxes, all varying in time, essentially uncoupling the
atmosphere motion. At the base of an ice floe there is the water pressure and
a tangential drag prescribed in terms of relative tangential velocity, a freezing
point condition, and a heat flux. Individual ice floes will move essentially as
rigid bodies, but the interaction of converging flows give rise to large-scale in-
plane stress gradients which influence the non-uniform large-scale ice dynamics.
A model must therefore, in some well-defined sense, reflect the interaction mech-
anisms of converging ice floes, including the ridging process, and the thermal
processes of freezing and melting at the surface and base of floes, and in leads,
to determine the evolution of the ice thickness and concentration.

(b) Previous modelling

The first descriptions of an individual ice floe drift were based on different bal-
ances between wind stress, water drag and Coriolis force (Nansen 1902; Rossby
& Montgomery 1935; Schulekin 1938), while the presence, but not the motion, of
surrounding floes was parametrized with an additional frictional force by Sver-
drup (1928). Nikiforov (1957) introduced the representation of the ice pack by a
collection of rigid floating bodies defined on the large-scale by the area fraction
of total area covered (concentration), which changes due to the divergence of the
floe drift and to the advective process, but ignored the thermodynamic influence.
Ruzin (1959) and Reed & Campbell (1960) treated the ice as a thin film of vis-
cous liquid, introducing the concept of a large-scale ice rheology to describe the
floe interaction mechanisms. The thermodynamic processes governing thickness
variation were described in a one-dimensional model by Maykut & Untersteiner
(1971), Maykut (1976) and Semtner (1976), ignoring the dynamics. An ice floe
collision model for sparse ice distribution in an MIZ has been developed by Shen
et al. (1986, 1987), based on fluid-solid constitutive relations (Shen & Ackermann
1982, 1984), but is not applicable to the extensive ice cover.

A major thrust towards a large-scale description of the dynamics of an ice pack
was made by the Arctic Ice Dynamics Joint Experiment (AIDJEX) team at the
University of Washington between 1970 and 1978, which is reported in 40 AID-
JEX Bulletins and a final AIDJEX Symposium Proceedings (Pritchard 1980 a).
This substantial pioneering research programme drew together empirical obser-
vation, theoretical modelling and numerical investigations, to provide the basis of
sea ice applications over the last decade. At the outset AIDJEX recognized that
a tractable large-scale model must view the ice pack as a highly fractured two-
dimensional continuum acting as an interface between the ocean and atmosphere,
with the in-plane stress-deformation relations on the large-scale the consequence
of interactions between individual floes, though it was realized that individual
floes with 10 km diameter were not small elements on the scale of a 100 km pack
extent (Rothrock 1970; Solomon 1970). A two-dimensional rheology for the ice
pack as an anisotropic viscous fluid (Campbell & Rasmussen 1970a), was noted
by Glen (1970) to violate frame-indifference, so modified (Campbell & Rasmussen
1970b) to a nonlinearly viscous (isotropic) fluid with large viscosity in conver-
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The dynamics of sea ice 223

gence and low viscosity in divergence. Subsequent viscous models (Timokhov
1971; Yegerov 1971) adopted constant viscosity. Pai & Li (1971) recognized that
the ice pack should be viewed as a two-constituent mixture, ice and water, and
later (Pai & Li 1975) derived an ice concentration relation from mass balance
conservation, but an incorrect momentum equation for the ice. This approach
was not pursued. Nye (1973) interpreted the directly postulated two-dimensional
stress tensor in terms of the depth integrated stresses, but a derivation and justi-
fication of the two-dimensional conservation laws and constitutive relations from
the fundamental three-dimensional equations has not been presented until now.
Nye & Thomas (1974) demonstrated by satellite photographs that the ice pack
deformation on the large-scale was essentially due to the relative motion between
rigid floes, supporting this continuum mixture model approach.

On scales of 10 km ice packs contain ice of many thicknesses, and the notion of
a thickness distribution was introduced (Thorndike & Maykut 1973; Thorndike
et al. 1975), with the bulk ice properties determined by area fraction weightings
of properties associated with each thickness. For practical application only a few
discrete intervals of thickness were used. However, these property relations were
never clear, nor were the effects of ridging on the thickness distribution. A ridging
model based on Coon’s (1972) mechanism of breaking in bending was developed
by Parmerter & Coon (1972, 1973), calculating a horizontal stress required to per-
form the work expended to produce the potential energy in the ridge, depending
on the ridge thickness. They deduced that this rate-independent ridging mecha-
nism leads to a limiting value for the sail and keel thicknesses, after which con-
tinued fracturing leads to a hummock field. The strong visual similarity between
pack ice deformations from satellite photographs and the behaviour of granular
materials (soils), reinforced by the work dissipation in ridge formations, led to
the major AIDJEX proposal of a plasticity model for the two-dimensional ice
pack rheology (Coon et al. 1974). Elementary one-dimensional numerical simula-
tions were constructed by Pritchard & Colony (1974) and Pritchard & Schwaegler
(1975), and two-dimensional algorithms were constructed by Colony & Pritchard
(1975) and applied to simulate Arctic and Beaufort sea ice conditions within avail-
able computer capacity (Colony 1975; Pritchard et al. 1976; Pritchard 1980b).
This outline highlights the central thread of the AIDJEX developments.

Following the disbanding of AIDJEX, the thrust in sea ice dynamics research
moved to Hibler at the Cold Regions Research and Engineering Laboratories in
Hanover, New Hampshire. Attention was focused on a precise two-layer model of
thick and thin ice with the area fraction of thick ice defining the ice concentra-
tion (Hibler 1979, 1980 a—d, 1984, 1985 a, b, 1986; Hibler et al. 1983; Lepparanta
& Hibler 1985). A viscous model was applied by Hibler & Tucker (1979), but
the main theme has been the construction of a viscoplastic model (Hibler 1979),
with Hibler’s (19805) numerical algorithm receiving widespread use (Hibler &
Ackley 1983; Walsh et al. 1985; Preller 1985; Preller & Posey 1989 a,b; Lemke
et al. 1990; Stossel et al. 1990; Preller et al. 1990). Owens & Lemke (1990) fur-
ther introduced a snow layer and allowed the viscoplastic stresses to operate only
when the ice thickness exceeded a specific value. Hibler’s generalization of the
AIDJEX plasticity model has moved away from direct association with under-
lying floe interaction mechanisms. It is, furthermore, numerically complex, and
requires extensive computation for an uncoupled ice dynamics problem, so that
investigation of coupled ocean-ice dynamics (Hibler & Bryan 1987) becomes very
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224 J. M. N. T. Gray and L. W. Morland

large-scale computation. There has also been no proper distinction between con-
verging and diverging flows. The yield criterion is only constrained to lie outside
the stress region of tensile principal stresses without reference to the flow field,
which allows a viscoplastic stress contribution to apply in a region of diverging
flow. Strictly, the ice pack stress derives from floe interactions that arise during
converging flow. This artificial stress in diverging flow results in an unstable sys-
tem of governing equations, which was demonstrated by Gray (1992) for a simple
one-dimensional flow configuration. Furthermore, for numerical expediency the
model equations have been applied over prescribed fixed domains to avoid the
more difficult moving boundary problem. In reality the ice pack domain is varying
and appropriate boundary conditions are required on the moving edge. Addition-
ally, interior regions of open water may open, also bounded by a moving margin.

Plasticity difficulties have been avoided by the use of cavitating fluid models
(Nikiforov et al. 1967; Parkinson & Washington 1979; Flato & Hibler 1989, 1990,
1992). These are essentially free drift models, but at each time step the ice velocity
in converging zones is corrected, in an ad hoc fashion, to restrict the build up of ice
thickness -and concentration. The algorithms do not calculate actual solutions of
the differential equations over the ice pack domain, but are, of course, numerically
much simpler than plasticity models, and so more tractable to ocean coupling.
There remains the question of how well, if at all, they reflect the floe interactions
in any real ice pack.

(¢) Present theory

Addressing the concern in numerical oceanographic modelling for a tractable
model to incorporate the effects of a sea ice interface with the atmosphere, it
was immediately apparent that a more rigorous theory of an ice-water layer is
required to properly interpret the two-dimensional model and recognize both
the rational approximations and the more tenuous assumptions necessary for
such a reduction. This is accomplished by integrating the full three-dimensional
mass and momentum equations through the layer thickness and exploiting the
small thickness to span ratio, together with the assumption of a smooth variation
in thickness (on the large scale) with very small gradient. A proper choice of
dimensionless, normalized variables based on geometry and the dominant physical
forcing variables, and a coordinate/velocity scaling using the small parameter
defined by the aspect ratio, determines a reduced two-dimensional model governed
by the leading-order equations. This is the analogue of successful reduced model
derivations for the flow of nonlinearly viscous grounded ice sheets by Fowler
(1979), Morland & Johnson (1980, 1982), Hutter (1982), Morland (1984), and for
floating ice shelves by Morland & Shoemaker (1982) and Morland (1987).

The reduction is first carried out for a single coherent ice floe — the fundamen-
tal element of an ice pack — driven by a surface wind traction with responsive
ocean drag at the base, and subject to surface and base freezing/melting with
related heat flux and temperature conditions. Here the integrated edge stresses
are given by the integrated water pressure on open sections, and by interaction
forces on sections in contact with other floes. The ice pack is now viewed as a
layer of smoothly varying thickness h(z,,t) comprising the coherent ice floes and
air/water/thin-ice in the open leads, where ¢ denotes time and z, (o = 1,2) are
coordinates in the surface. For simplicity the theory is presented for a plane sur-
face, but generalization to a non-planar surface to include the effects of curvature
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The dynamics of sea ice 225

and geographical location will follow the same procedures. The smooth extension
of the floe ice base across the leads represents the upper boundary of the ocean,
and while the in-plane motion of the layer water in the leads is described by the
in-plane pack motions, there is also a basal flux into, or out of, the ocean domain,
which is determined by the full mass conservation equation. The ice floe concen-
tration is defined by an area fraction A(z,,t) so that 1— A is the area fraction of
open water. The necessary assumption that A(z,,t) is a smoothly varying func-
tion is physically apt only on length scales much greater than floe diameters, and
is therefore invalid where the coherent floes are very large, but it is hoped that
mean effects over large scales will still be reasonable. To overcome this weakness
it would be necessary to identify and track ice floes, which is considered beyond
the scope of a tractable model. Subsequently, the area fraction A is explicitly
separated into area fractions A, of ice available for ridging and A. of coherent
ice, with associated thickness distributions h, and h. respectively. The ice pack
motion is defined by a single in-plane smoothly varying velocity field v(z,,t),
supposing that the in-plane open water velocity field is essentially determined
by the adjacent ice floes. The smooth variation in v describes the large-scale
relative motions of the individual ice floes, which is again suspect when floes are
large. A mixture (interacting continua) theory for the three constituents, ridging
ice, coherent ice and open water, with common in-plane velocity v is developed,
and again reduced to a two-dimensional theory by integration through the layer
and exploiting the small aspect ratio and small in-plane gradients. The evolution
of different thicknesses and area fractions are coupled, determined by the inte-
grated individual constituent mass balances incorporating the surface and base
energy fluxes into latent heats of freezing and melting, which are more explicit,
and complete, than previous formulations of evolution equations. This develop-
ment is drawn from earlier mixture theory formulations Morland (1972, 1978,
1992) with specific applications to melting and freezing in snowpacks (Kelly et
al. 1990).

The resulting two-dimensional theory for the ice pack involves v, h, h,, h., A,
A, (A. = A — A,), together with a two-dimensional extra stress tensor N¢. This
is the stress extra to the local water pressure, integrated through the layer. It is
generated by compressive and frictional contacts between converging ice floes. As
an alternative to direct postulates for the in-plane rheology, it is shown how in a
mean sense, the ice stress can be related to the large-scale deformation in terms
of contact mechanisms between converging floes. A two-dimensional mean stress
theorem determines the mean of each stress component over a floe domain of
arbitrary shape (an element of the mixture theory) in terms of the distribution of
tractions around its edge. In turn, postulated laws for the ice—ice contact forces
in terms of the relative (rigid) motions and displacements interpreted in terms of
strain rates or strains associated with the velocity field v(z,,t), result in a con-
stitutive law for the mean local ice stress in terms of the velocity field v(z,,t),
the assumed floe geometry and dimensions, and the thickness distribution. The
total extra stress IN© is now related to the mean integrated ice stress by incorpo-
rating the area weighting A and a contact length factor f(A) which distinguishes
ice—ice and ice-water contact length around the floe. A first theory assumes that
the contact fraction is simply a nonlinear function of the ice concentration A,
zero when A = 0 and approaching unity as A — 1. Comparisons and distinctions
are drawn with previous theories.

Phil. Trans. R. Soc. Lond. A (1994)
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There are two physical requirements for a valid evolution equation for the ice
concentration A. Firstly, it is necessarily positive everywhere since the mixture
equations demand the presence of some ice in each mixture element. It is shown
that in a constant velocity divergence, A approaches zero asymptotically, and
does not become negative, except with large maintained melting. Secondly, in a
converging flow, A must not exceed unity. The conventional evolution equation
leads to A increasing indefinitely in a flow with constant velocity convergence
(negative divergence), so in general allows A to exceed unity. This required Hibler
(1979) to artificially correct the ice concentration in the numerical scheme by
resetting A = 1 whenever A exceeded unity, and adjusting the thickness h to
conserve the ice column volume Ah. Here a ridging mechanism is introduced in
which A is partitioned into area fraction A, of coherent ice, and an area fraction
A, of ice available for ridging and redistribution over the coherent ice when the
floes converge. The total ice concentration A evolution and thickness h evolution
now involve A,, a ridging ice thickness h, and the vertical ridging velocity, but
in a combination which defines the ratio a of the vertical volume flux to the
horizontal flux. In a diverging flow o = 0, and in a converging flow we assume a
simple trial model in which « is a monotonically increasing function of A, zero
at A = 0 and possibly for A less than some critical value, and approaching unity
as A approaches unity, to reflect the conceived ridging process. It then follows
that in continually converging flow A approaches unity asymptotically, and does
not exceed unity, and mass (volume) is preserved smoothly by redistribution of
thickness.

In summary, the present analysis provides a systematic reduction of the three-
dimensional equations for a mixture of ice and water in a smoothly varying layer
at the ocean surface, to a two-dimensional theory. It draws out the approxima-
tions and assumptions, and provides precise definitions of the physical variables
used. The necessary concept of ice—ice contact length fraction is introduced, and
self consistent ice area fraction and thickness evolution equations are derived
to describe a smooth ridging process in converging flow. The in-plane stress in
converging flow is related to the large-scale strain or strain rate through ice-ice
contact mechanisms, as an alternative to directly postulated rheology, which pro-
vides a framework to explore the effects of different contact mechanisms. The
model can be coupled to the ocean dynamics through a prescribed water drag
relation at the ice base together with the thermal conditions and resulting phase
changes.

A summary of the two-dimensional model equations is presented in §4. The
new features are noted, and a comparison is made with the model used in current
numerical applications which shows also the differences in the basic physical bal-
ances. In § 5 a complete analytic solution is constructed for a one-dimensional flow
problem, ignoring the lateral Coriolis effect. It describes a pack driven by wind
stress against a rigid coast with all regions in convergence, then reduction and
reversal of the wind stress so that a diverging region expands monotonically from
the free rear edge to the coast. No thermal effects are included. The construction
is an inverse method, starting from a continuously changing deformation field
which reflects the above features, and determining the area fraction and thick-
ness evolution in both phases of the motion, in both converging and diverging
regions in the second phase. The necessary wind stress and drag resultant can
then be determined for any adopted constitutive law for the pack stress. Illustra-
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tions are presented for a linearly viscous law, for both linear and quadratic basal
drag relations. Such an analytic solution provides a valuable test case for a direct
numerical treatment which also has to determine the moving interface between
converging and diverging regions, with different equation structures on the two
sides. This is the first analytic construction for a nonlinear model incorporating
the converging and diverging dynamics, and a ridging process.

2. Single ice floe

(a) Floe geometry and coordinate system

An ice floe is represented as a disk of solid coherent ice floating at the surface
of the ocean, with smoothly varying thickness, in space and in time ¢, and with
a small thickness to diameter ratio. On the scale of the diameter, its edge will
be considered everywhere vertical so that the horizontal cross-section is uniform,
defined by S(t) with a bounding contour C(¢) which is supposed smooth except
possibly at a finite number of vertices. Roughly 90% of the ice volume, hence
thickness, is submerged below the water surface.

Let Oz; (i = 1,2,3) be a rectangular cartesian coordinate system fixed with
respect to the rotating Earth and hence defining a non-inertial frame. The origin
O is at a fixed geographical location and on the ocean surface, and Oxj is the
vertically upward direction normal to the geopotential mean sea surface, with
Ozxiz, the local horizontal tangent plane, where Ox; points to the east and
Oz, points to the north. For simplicity the theory for the entire ice pack will be
presented as if the mean sea surface over its domain lies in the same tangent plane,
neglecting the Earth’s surface curvature and the effects of varying centrifugal force
with location on the surface. Greek subscripts «, 3 (= 1,2) will denote the in-
plane coordinates xz,, € only. The unit coordinate base vectors are denoted by

; %,hlec’dynamic water surface is defined by
T3 = 2y (Tq, t), (2al)
and the floe base and surface are defined by
T3 = 2p(Ta,t), T3 = 25(Ta,t), (2a2)

respectively, so that the ice thickness h(z,,t) and the ice draught (depth below
sea level) hy(z,,t) are given respectively by

h=2z—2,, hy=2y— 2. (2a3)

Figure 1 illustrates a horizontal plan view and figure 2 illustrates a vertical section
xy = const. (typical of any vertical section) of an ice floe bounded by a contour
C(t). The unit outward normal to the edge of C(t) is denoted by n¢, to the
surface by n®, and to the base by n°. The normal n¢ is horizontal and s° is the
horizontal tangent vector such that n¢, s¢, k form a right-handed triad; thus

n® = (n§,ns,0), s°=(—n3,ni,0). (2a4)
The base and surface normals are given by
1 [0z Oz 1 0z 0z,
b b b s s s
=— | =, =, -1 = x |\ y T 717 2a5
" T, <ax1’ax2’ ) " As< 9z, Oz, ) (2a5)
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2 . where
> 9 1/2 9 1/2
55 a=fur () (2N A= fis () (2 s
Qﬁg b + Oz, + Oz, ’ s + Or, + Oz, (2a6)
E 8 Associated tangent vectors forming right-handed orthonormal triads e?, ef, n®,
— oA and e, e5, n®, for base and surface respectively, with e? and e} lying in z, =

const. and e, es having positive components in the z, direction, are given for
both the surface and base by

e = (n% -+ ng)_l/2(n3,0, ——nl), }

e; = (nf + n%)_lﬂ(—nln%n% +n3, —nzns).

(2a7)
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(b) Physical balances and boundary conditions

The coherent ice is treated as an incompressible material of constant uniform
density p = 918 kg m™>. Let v(z;,t) denote the particle velocity field, which
will later be viewed as the sum of a rigid body translation and rotation about a
vertical axis and a distortional velocity field. The particle acceleration relative to
the Earth is given by

a—q}—Dvi—avi v(%i

7 Dt ot 7oxy’

where the superposed dot denotes a material time derivative. The summation
convention is used throughout, over 1, 2 and 3 for a repeated roman suffix and
over 1 and 2 for a repeated greek suffix. We suppose that the Earth is rotating

with constant angular velocity §2 about its North—South axis with respect to an
inertial frame, so that the particle acceleration in the inertial frame is

(2b1)

ay = a; + af, (2b2)
where a® is the Coriolis acceleration given by
a® =202 Av. (2b3)
In terms of the rotating coordinate axes the angular velocity is given by
2 = Q(sin ¢k + cos ¢j) (2b4)
at latitude ¢, with magnitude
2=0.729 x 10~* rad s~ . (2b5)

The vertical and gravity definitions also depend on §2, and hence on ¢, and on
the position x relative to the chosen origin, through

—gk=9"-02N(2N&x), (2b6)

where g* is the gravity due to the Earth’s mass. While the vertical component
of 2 A (£2 A x) is negligible compared to g, its horizontal component is of order
1073 ms~2 at distances of 10° m, and so is comparable with the term §2 A v
when |v]| ~ 107! m s™!, the typical maximum velocity. This possible influence of
location is customarily incorporated in the definition of g, which is commonly
still assumed to be constant. We also suppose g is constant and do not take
proper account of the non-planar surface. Since the ice pack motion is essentially
horizontal and confined to the plane x3 = 0, the Coriolis acceleration components
are

ai = —20sindv,, a3 =20sin¢gv;, a;=—2cospv;. (2b7)
Since af is negligible in comparison to g, the Coriolis effect is essentially
— af, = 2028in peap3vp = feapsvp, a3 =0, (2b8)
where €;;, are components of the alternating tensor. The Coriolis parameter
fe=20sin¢ (2b9)

ranges from zero at the equator to & 1.46x 10~* rad s~! at the poles.
The Cauchy stress tensor o'(x;,t) determines the traction t' per unit area on
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a section with unit outward normal n by
t'=o'n, t;=on;, (2b10)

and the tangential traction is denoted by #!, the normal traction by t.. The
temperature field in the ice is denoted by ©'(z;,t), and the ice is supposed to
have constant thermal conductivity KT = 2.2 N K~! s™! and constant specific
heat CT =2 x 10® J kg=! K%

Mass conservation is simply the incompressibility condition

0
p =const., divv = 5% =0. (2b11)
The linear momentum balance implies that
ol . \
2 — pal = pi, (a=1,2), (2b12)
833j
dol
%—pgﬂ), (2613)
j

where g is the constant gravity acceleration, and vertical particle acceleration
is negligible compared to g = 9.81 m s~2. For an incompressible material and
negligible stress working at the low shear stress and strain rate occurring here,
energy conservation is given by the thermal balance,

pC'O' — K'divgrad ©' — r! = 0, (2b14)

where 7! is the energy deposit per unit volume per unit time due to radiation.

The upper ice surface is subject to atmospheric pressure and tangential trac-
tions 7° induced by wind action — the wind stress. Variation of atmospheric pres-
sure over a single floe is not significant, so atmospheric pressure at the surface
is assumed constant and defines the zero stress level. With surface melting or
freezing , the surface is non-material and there are discontinuities of particle ve-
locity and of traction. However, these discontinuities are extremely small (Hutter
1983), and the surface traction is therefore

Tz3=12: ti=7, ti=t-n=0, (2b15)

which is the major driving force for the ice floe motion. On the base the normal
traction is essentially the water pressure p*V and the tangential traction is a drag
7P related to the relative motion between the ice and water, continuous with the
tangential viscous stresses in the water. We make the common approximation
that the bulk viscosity of water is negligible, so that the normal viscous stress is
negligible and the pressure is essentially hydrostatic. Thus the basal traction is

T3 =2y tP=7", t2=t>.n=—p%, (2b16)

where

T3 < Zw: pW = ng(zw - .’173), pw|zb = pwgh‘wv (2 b 17)

and the constant water density near the ocean surface is p,, = 10% kg m~3. These
impose conditions on the surface and base values of the ice stress tensor. On the
surface, using (2510), and (2a7) to determine the components of 7°,

T3 =2: n®=(nj,n3,n), oun =17, (2b18)
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The dynamics of sea ice 231
and similarly on the base
z3 =20 n°=(n},n5,ny), ound =7 — pughuny, (2b19)

where the components of n°® and n® are given by (2a5).

On the vertical edge contour C' there will be sections in contact with water —
all of C for an isolated floe — and sections in contact with other floes. Interactions
between floes are a major feature of ice pack dynamics, and are treated in a later
section. On the sections of contour in contact with water only, C,, say, the edge
traction t¢ is simply the hydrostatic water pressure acting over the submerged
part

t% = —pyg(zy — 235)N°, (2b20)

where n° is horizontal. The total force per unit length of contour in water contact
is therefore

T3 < Zy -

Zw
TC = / t¢dxs = —%pwghwznC = —PWnpe. (2b21)
2b

The total horizontal force per unit width on any vertical plane in the ice floe,
with horizontal normal n"*, is given by

T = /zs t dzg = /zs oo gnpdzs = Nognl, (2b22)
2 2
where
Niy=[ o " ol dey = N, (2623)
is the depth integrated stress. Thusz:))n an edge section in contact with water,
Cw: Nigng=—-PWn. (2b24)

These are the results required in § 2 ¢ where the equations are integrated through
the thickness.

The upper ice surface is modified by snow accretion or melt. Let g be the
equivalent volume flow of ice entering the floe per unit area per unit time — the
accumulation rate, negative when ablation occurs — and let w, be the normal
speed of a surface point along the outward normal n®, then

U, —v-n° =gq. (2b25)
Now the surface is defined by
x3 — 25(x1, T2, ) = 0, (2626)
and hence
0z, 0z, 0z
_ 25 (-2 1) =0 252
ot T m ( 0z, 0wy’ ) ’ (2627)

where n® is given by (2a5). Eliminating u, between (2b25) and (2b27) gives
the surface accumulation condition
0z 0z, 02z

T3 = Zg: 8_+ oz l—l— 2 Dy

Similarly, if b is the volume flux of ice ablating from the floe base per unit area

—v3 = Agq. (2528)
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per unit time — the melt rate, negative when freezing occurs — then the basal melt
condition is

8Zb (92:]3 8zb

ot -+ v 8{1;1 -+ Uy 8{1;2 V3 = Abb (2 b29)
We consider a maximum for ¢ or b to be 107® m s™! (approximately 10 m per
year).

In general, surface and basal melting or freezing are governed by the thermal in-
teractions with the atmosphere and ocean. The surface and base are non-material
singular surfaces, with outward mass fluxes —pq, pb respectively, then, since par-
ticle velocity jumps [v] across these surfaces are small, the respective traction
jumps [t] = —pg[v] and pb[v] are negligible in comparison with water pressures
or wind stresses. Continuity of traction has already been imposed. Further, the
kinetic energy and stress working jumps are negligible compared to the latent
heat L = 3.3 x 10° J kg™!, so energy conservation requires

00 00
T3 = 2! [Kan] 8n]

T3 = 2y:

= —pqL, T3 = 2p: [K = pbL, (2b30)

where [] denotes jump in the positive n direction, i.e. outward from the floe.
These formally relate ¢ and b to temperature gradient jumps between air and ice
at the surface and between water and ice at the base in a fully coupled system.
This result ignores the presence of any snow layer at the surface and of accretion
of existing frazil ice from below the base.

It is sensible to assume that the melting and freezing at the base occurs at
a melting—freezing temperature O, associated with the local salinity and pres-
sure of the water, which is a thermal boundary condition for the energy balance
(2b14). An empirical relation for ©,, has been presented by Millero (1978), but
a useful simple approximation is constant ©;; = 271 K associated with a fixed
salinity of 34 p.p.t. and a fixed constant pressure 10° N m~2. Then either the nor-
mal temperature gradient 90 /9n in the water must be prescribed to determine b
by (2 b30) which is required in the basal condition (2b29), or the mass exchange
pb must be prescribed directly, if the equations governing the ice response are to
be uncoupled from those of the ocean. Surface ablation would require a melt tem-
perature condition, but accretion can take place on a cold ice surface, governed
by the prescription of positive ¢ together with a cold surface temperature or heat
flux in the air, or some combination. The most simple idealization is to suppose
that ¢ = 0, which ignores accretion or ablation at the surface in comparison with
basal melting and freezing, and prescribe a surface temperature ©%(z,,t). We
therefore consider surface and base conditions:

T3 =z: O = O(zq4,t), T3 =2, O'=0O,. (2b31)

(¢) Depth integration

Anticipating the construction of a reduced two-dimensional description in terms
of the mean or total quantities with respect to ice thickness, it is instructive to
consider the integration of the full balance equations of the previous section, to
highlight the importance of the approximations which are necessary to achieve
such a two-dimensional theory.
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The dynamics of sea ice 233

Define the horizontal ice flux per unit width of vertical section by

Qu(art) = [ vale,t)das, (2¢1)
then integration of the mass conservation (2b11) through the floe thickness,
subject to the kinematic boundary conditions (2 28) and (2529) and thickness
definition (2 a3) shows that

Oh . 0Q1  0Q;

8t 83.’31 (9.1:2

Integrating the horizontal momentum balances (2b12) through the thickness,
using (2b8), (2b18) and (2b19) with the relations (2a5) and (2a6), gives

= Ayq — Apb. (2¢2)

0z 0
-l + [AST &+ PUa —Z] + [Abﬂi’ ~ App™ng — pra zb]
Zs Zb

83:,3 ot W
0 = O

+ pfe€ap3@ :p—a+,0/ vj=— dxs. (2¢3

wls = p—, . Uag, 4 )

There is no useful integral of the energy balance (2b14). Now A;, A, depend
on gradients of z; and 2, independently, so in general (2¢2) does not simply
relate the thickness h and fluxes @y, Q.. Similarly, 7°, 75, n, on surface and
base depend on gradients of z, and 2z, (V,0%/0t)s — (V,021,/0t)y, = vV,Oh/Ot
only if v4|., = Val.,, and there is no explicit integral of the final term in (2 c3)
unless v, is independent of z3. Thus, (2 ¢3) does not in general determine the
integrated stress gradients ON, ;ﬁ /0zg in terms of the other integrated quantities.
Furthermore, any nonlinear or temperature-dependent relation for the ice stress
o' will not integrate to relations for N'. It is evident that explicit integration
of the mass and momentum equations in terms of the integrated quantities will
require small surface and base gradients which can be neglected compared to
unity, and negligible variation of the horizontal velocity components v, with
depth.

It is useful to express the ice stress as the hydrostatic water pressure (zero
above sea level) and an extra stress, thus

o' =—pV1+0", N'=-PV1+NFE (2c4)
By (2a3), (2a5) and (2b21),
9z, Oh, OPW Oh.,
= — = PwdlNw 7> 2
Bonal = B " oz Gwa PG, (2e5)

and so (2 ¢3) becomes
8(17,3

Ozy

0z,

where the mean horizontal acceleration @V in the rotating frame is defined by

-N_l{%_ | 95 92 / Ova }
a, = AR fe€apsQs — Val, 5 + Vol 5 + A v](?a:j dzsp. (2¢7)
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On the edge C,

C: NInG =T+ PVni =Ty, (2¢8)
where T is zero on the section Cy, in contact with water. The vertical momentum
balance will be integrated explicitly in §2d.

(d) Rigid floe model

The motion of the ice pack and adjacent ocean is driven by the wind stress, and
the temporal and spatial scales of the variation are those of the weather system.
Typical timescales of variation are several days, say t* = 10° s, and horizontal
length scales are a thousand kilometres, say {* = 10° m. Ice pack extents are
similar. Mean ice thicknesses range from 1 to 5 m, and it is useful to introduce
a vertical length scale h* = 5 m which is the length scale on which the ice stress
(pressure and shear) makes its maximum changes. The basic element of the ice
pack is the ice floe which has a diameter in the range 10°-10* m, so there is a
further horizontal length scale Iy = 10° m. The pack or weather system and floe
aspect ratios define two small parameters

E=h"/I"=5x10°<e=h"/l; =5 x107° < 1. (2d1)

Now ice floes are observed to have maximum (horizontal) translational velocities
of order v* = 107! m s~! and maximum angular velocities (about the vertical) of
order w* = 107° rad s~!, and insignificant vertical velocity by comparison. These
physical magnitudes and parameters, and subsequent magnitudes introduced in
the balances, are collected together in table 1 for convenience. It is convenient
therefore to represent the ice particle velocity as the sum of a rigid translation
and a rotation in the horizontal plane and a distortional velocity field; thus

Vo = U, — Eapsw(Tg — Tf) + VP, vz =0y, (2d2)

where vP(t) is the horizontal velocity of a given particle P at position rP(t),
w(t) k is the angular velocity, and v"(z,t) is the distortional velocity field.

A typical wind stress magnitude is 7* = 107! N m~2 and we suppose that the
ocean interaction is a responsive drag, not exceeding 7* in magnitude and possibly
much smaller. The shear stress in the horizontal plane can therefore vary by up
to 7* through the thickness of the floe. The vertical stress will vary from zero at
the surface to the basal hydrostatic water pressure, p,ghy, ~ 5 x 10 N m~2.

Edge stresses due to interactions with adjacent converging floes will exceed
the water pressure, but it is supposed that any significant distortional effect is
alleviated by post-fracture ridging. The strain rates (velocity gradients) across the
coherent floe are those induced by tangential wind and drag stresses, and edge
tractions. The magnitudes of strain rates and strains depend on the constitutive
properties of the coherent ice.

It is customary to adopt a temperature-dependent nonlinearly viscous incom-
pressible fluid model for the long-time response of ice, i.e. the floe of ice sheets and
shelves over hundreds and thousands of years. The maximum strain rates occur
near melting, with the ice becoming much more viscous as temperature decreases,
and moderately less viscous as the deviatoric stress increases. Data correlation
uses the minimum strain rate at constant stress supposing this is achieved in
laboratory tests up to six months, and correlation of Glen’s (1955) uni-axial data
at the melt point by Smith & Morland (1981) implies a viscosity in the range
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The dynamics of sea ice 235
Table 1. Physical parameters

parameter magnitude
gravity acceleration, g 9.81 ms2
Coriolis parameter, f. = 202sin¢ 0—1.58 x 107* rad s™*
ice thermal conductivity, K’ 22 NK1s?

ice specific heat, C" 2x10% Jkg™! K!
ice latent heat, L 3.3 x 10° J kg™t
ice density, p 918 kg m™3

water (saline) density, pw 10® kgm ™3
melting point, Onm 2714 K

linear drag coeflicient, ¢; 0.55 x 10* ms~!
quadratic drag coefficient, ca 0.55 x 1072
timescale, t* 108 s

ice thickness, h* 5m

ice pack and weather system span, {* 10° m

ice floe span, s 10% m

pack aspect ratio, €* = h* /1" 5x107°

floe aspect ratio, ey = h* /Iy 5x 1073
horizontal velocity, v* 107! ms™!
angular velocity about vertical, w* 107% rad s7!
wind stress, water drag, 7* 107! N m™2
stress ratio, kK = 7*/pgh* 2x107°

5-0.7 x 10" N m~? s for shear stress 0-10° Nm~2. This would imply a horizontal
velocity change over a thickness of 5 m, due to wind stress 107* N m~2, of order
107" m s~*. The shorter time response is viscoelastic, reviewed by Mellor (1980)
and by Hutter (1983), with initial creep decelerating at constant stress. Even if
the strain rate above is enhanced by a factor 10° the velocity change with depth
is at most 10~7 m s, which is still negligible compared to the rigid body velocity
of 107! m s™!. Vertical particle velocity will be less than surface accumulation
and basal melting and freezing rates, which mainly induce thickness changes,
and so we suppose vertical velocities and strain rates are of order 107% m s™!
and 107® s~ respectively at most. The mass conservation equation (2b 11) then
implies that the horizontal strain rates are of the same magnitude, so that hor-
izontal velocity changes across the floe span should not exceed 107* m s™!, also
negligible compared to a rigid body velocity 107! m s~!. On these assumptions
we therefore make the approximation,

Vo = V5 (t) — €agsw(t)(zg —15), w3 =0, (2d3)

which neglects creep within the coherent ice in a single floe compared to the
rigid body velocity, and which is a horizontal velocity not varying through the
thickness of the floe. Now, the depth integrations (2¢1), (2 ¢2) and (2 ¢ 6) become

Qo = hvg, (2d4)
Dh  0Oh 0
ﬁ = E + a(h‘va) = Asq - Abba (2d5)

Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

a
/,// \\
/

A
( P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

236 J. M. N. T. Gray and L. W. Morland
since v, /0z, = 0 by (2d3),
Ve 4wz — 8) = s — 7). (246)
ONE, 0z, D,

+ AT 4+ ApT? — pughu oz, + pfeheagsvg = ph—— (2d7)

830[3 Dt

which involve z, 2, separately through A and A, and 75, 7°

The essential reduction rests on the assumption that horizontal gradients of all
variables are small compared to vertical gradients, supposing that changes across
a floe span [; are smooth and no greater than changes through the thickness h*,
but changes across the pack or weather system scale [* will compare with changes
through the thickness. This is formalized by a coordinate scaling,

— X, = WX, z3=hXs €<e<e<l, (2d8)

together with the statement that derivatives in X, and X3 have the same status,
where [ and € are determined by the balances. Define

2o = h*%y, 2 =h"%, 2 =h*%, h=h"h, hy=h"h, (2d9)
so that 3y, Zs, 3w, h, hy are all order unity variables. Now
0z, 0%, Oz 0%y,
0r,  0X, 01, 0X,
and hence to leading order, neglecting € compared to unity, by (2a5)-(2a7),
As=A,=1, n®=(0,0,—-1), n°=(0,0,1),

ef = (~1,0,0)= —i, e} =(0,1,0) =3j, (2d11)
e; = (1,0,0) =i, e5=(0,1,0)=j,

(2d 10)

where 7, 7, k are the coordinate base vectors. The base and surface are therefore
horizontal to leading order. All subsequent reductions are to leading order in e.
The surface condition (2b15) becomes

Xs=Z: on=15, 03 =0, (2d12)
and the basal condition (2b16) with (2b17) becomes
Xs =%, 0lg=—70 0% =—pugh*(Zw — %), (2d13)

where 7° and 7P are now horizontal vectors. The vertical equilibrium (2 b 13) with
the surface and base conditions (2d 12) and (2d 13) give immediately that

O-£3 = _pgh*(zs - X3)7 pwilw = Pil - m/h*, (2d 14)

where m is the mass of the ice column per unit horizontal cross-sectional area,
and the horizontal momentum equations (2d7) become

€ ONG L 02y . Du,
h* 8Xﬁ ’7' 7' —mg 8X €ag3 Cng Dt .

(2d15)

If the ratio € corresponds to the weather system length scale so that 8z, /60X, < 1,
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The dynamics of sea ice 237

then this dynamic pressure term may be comparable with the wind stress since
mg/T* ~ 5 x 10°.

The vertical and in-plane stresses will have at least the magnitude of the basal
water pressure or weight of column of ice due to basal and edge conditions, so

define
o' = pgh’a', N'=pg(h*)*N', (2d16)

then 6' and NT have some components of order unity (or greater). Note that
there may be larger in-plane stresses if floe interaction forces are much greater.
The surface and basal tangential tractions are of order 7* = 107! N m~2, so define

Tab = 7-*7':2, 7'; = 7'*7"2, (2 d 17)
where 7P, 75 are of order unity (or less for the basal traction), and the stress ratio
k=T1"/pgh* ~2x107% < 1. (2d18)

The rigid body velocity has magnitude v* which will impose a restriction on the
net edge force determined by integration of the rigid body momentum equation
for the floe over the timescale ¢* = 10° s of a maintained wind stress. Define

Vo = VU Dy, t=1t"t, (2d19)

so that @, t are order unity variables. The thickness evolution equation (2d5)
becomes

Dh Oh vt Oh  t*
_ = — __..-__~—:—— —b :~ 2d20
Di o TR Pax, w4 =a (2d20)
where ¢ < 1 and the momentum equations (2 d 15) become
ONE . 03, L (fv'\. . (v .Dig,
8X: + e kT, — maXa +e! (fg ) MEap3lp = € (gt*) mﬁ’ (2d21)

where

Fo =7+ 72, m=m/ph* = O(1). (2d22)
Magnitudes of the respective terms in the momentum balance (2d 21), and of the
implied velocity and angular velocity, must be estimated to determine restrictions
on the total force and moment of force implied by observed motions. In addition,
they are necessary for a crucial reduction of the mean floe stress constructed in

§2 e, which is the basis of the ice pack stress interpretation in §3e.
Now, from (2d3),

To = TR(T) — €aps@(t)(Xp — R5(1)), (2d23)
where
o(t) = e '(h* /v )w(t), r°=e'h*RP, (2d24)
and differentiating,
Do, -p B vrt*

_D'E =0, — 8ag3w(Xg — Rg) — € ( L

where the superposed - now denotes differentiation with respect to the argument
t. Note that the velocity due to rotation is bounded by v*, which requires wil; < v*

><I)2(Xa _ R, (2d25)
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238 J. M. N. T. Gray and L. W. Morland
or
w S vt /R, wele S, (2d26)
which is satisfied by observed angular velocities
w S w*=10"rad s71. (2d27)

If the gradients of extra stress and dynamic surface z, are zero (or negligible),
which is possible, then the wind stress and water drag must be balanced by the
acceleration and, or, Coriolis force. Since f.t* ~ 102 near the poles recalling the
magnitudes of f, and t* given in table 1, a developed motion, with |v| approaching
v*, must then balance the wind stress and water drag with the Coriolis term; thus

v =gk/fe =107 ms7, (2d28)

which is the observed, and assumed, maximum magnitude in a pack motion.

The rigid body velocity and angular velocity are determined by the integrals
of the linear and angular momentum equations over the floe. Let rP(¢) be the
instantaneous centre of mass of the floe with horizontal location RP (%) in (X,, ).
This will not remain at a fixed particle P, due to profile changes caused by base,
surface and edge melting and freezing, and ridging. Let S(f), C(#) be the floe
domain and boundary in (X,,%), so S has a linear dimension €/¢; on the X, scale
in view of the scalings (2d 1) and (2d8). Then

MRP = / mX,dS, M= /mdS = 0(e/€), (2d29)
5 5
where the floe mass M is given by
M = ph*3¢ %M. (2d 30)
On the edge C,
C: Nfﬁnfa =TE =TE/(pgh*?). (2d31)

Integrating (2d 21) over S gives

o L _ 0z, ~ ~ et rp . .
/éTaEds—F/g(e lnra—maX > dS =M pre {va—fct 5ag3'UZ}, (2d32)

[e%

since the integrals involving X — RP vanish by (2d29). With the acceleration
upper bound (2 d29) and the magnitude (2 d29) for M, and the identity (2 d 28),
the right-hand side of (2d32) has magnitude (¢/€;)*(k/€) at greatest, which is
also the magnitude of the first term of the surface integral. Further, the length
scale of variation of Z, in X, is I*/l = €el*/h* = €/e*. Thus the Z, gradient
contribution has magnitude (e/€;)?(e*/€), which does not exceed the magnitude
(€/€)?(k/€) provided that € < k, and this is satisfied by the physical parameters
listed in table 1. Thus

B B 2
7| = / TEd3| < ek, (2d33)
¢ €
which is simply the physical statement
|FE| = / T ds| < 121, (2d34)
c
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The dynamics of sea ice 239

Given that the estimate (2 d 28) is the observed velocity magnitude we will assume
that (2d34) holds, which is a restriction on the forces generated by the floe
interactions, in turn driven by wind stress and Coriolis force. Note that the small
parameter € chosen to induce the small horizontal gradients is not defined by the
rigid body balances, but we now impose a convenient, and consistent, estimate

ERN KN E. (2d35)

Taking moments of (2d21) about a vertical axis through P and integrating
over the floe domain S gives the angular momentum equation,

. L . 0%y ~
E€3va {/c"(X7 —RP/)des—i-/g(XA, — RP) [e T —maXa] dS}

=1 (v*/gt*) I, (2d 36)
where
- /gﬁz(Xa _RP12AS = O(e'/eb), (2d37)
since | X, — R?| is of order ¢/e; over S, and
I =phSetl (2d 38)

is the moment of inertia of the floe about this axis. If the stresses are maintained
for a time t*, £ = 1,0 ~ © < (&/¢) by (2d26), and (2d 36) is a restriction on the
moments of contact and surface forces. Over the floe span we suppose that 7, and
0%, /0X, are nearly uniform, since their variation is over the scale [* = 10° m,
and if uniform their moment integral is identically zero. With the above angular
acceleration bound and estimate (2 d37) for I, and the results (2d28), (2d29),
(2d 35) with table 1 parameter values, the moment requirements are

2
E3ya (—Ee—f) /é(Xy — R®)TPd3 $107°,
(2 d 39)

e\ - . 0z ~ B
€3va (f) /g(XA, - RP) [e‘lfm'a - maXv; ds <1072
The factors (e;/€)? and (e/€)® before the integrals make these terms moments
in the dimensionless floe coordinates, and highlight the strong restrictions which
are required to limit angular velocities to the observed magnitude w*. They are
assumed to hold therefore. Solutions of the pack equations for given driving forces
and interactions TP must confirm, or not, the observed magnitudes.

(e) Mean floe stress

The extra stress NE is indeterminate, not determined by the point balance
(2d21) subject to edge tractions T, due to the rigid body approximation. Any
stress field
-, 00U
Njp = 5)—(157 (2e1)

__PU
0X,0X,’

..U .,
N11=5‘X‘22“» N12:
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240 J. M. N. T. Gray and L. W. Morland

in terms of a twice differentiable stress function U (X, X,) subject only to ho-
mogeneous boundary conditions,

N*ﬁnﬁ—() (2e2)

is self-equilibrating, and can be added to a solution of (2 d 21). However, we will
treat a floe as a basic element of the ice-pack, supposedly small on the pack scale
so that variations across the floe are not significant. It is therefore the mean stress
over a floe which represents the local (point) stress in the ice pack. Define the

mean extra stress NE by

SN, = fs NEd8, (2¢3)

where S also denotes the area of the domain S. If N® satisfies the equilibrium
equation

0X5

with body force B, by applying the two-dimensional divergence theorem we find
the mean stress is given by

+ B, =0, (2e4)

SN, = [ (X, - TR ds + [ (X, - B2)B.d3, (2e5)
Io} S

which is the analogue of Signorini’s mean stress theorem. The mean stress there-
fore depends on the edge tractions which will be related to the floe interactions,
and on the body force B.

We can express (2d21) in the form (2e4) by appropriate definition of B.
However, a more convenient form of B is obtained by eliminating the centre of
mass (P) term o, — fet*€apsVp through (2 d 32) when the expressions (2d 23) and
(2d25) are used in (2d21). Then

~ m o m [ . . 0%, m [ _0%Z, =
B, = M/éTads—l—6 K{Ta i gradS} [maXa 7 gmaXadS}

+ -Zg% {samd}(xﬁ - R +ot o+ fc> (Xo— Rg)} . (2e6)
Recall that our scaling is
k~ef=e<e, O=¢/e=10"% <1, (2e7)
so that
| X — R?|=0(8), 5=0(8), M=0(8). (2e8)

The contour integral in (2e5) therefore makes a contribution of order | T®| to
NZE, which we suppose is order unity or greater so that the integrated extra edge
tractlons and the stress are comparable to the integrated water pressure, and the
floe interactions make a significant contribution to the ice pack dynamics. The
surface integral makes a contribution of order | B|§ to NE, so terms in B of order
unity or less do not contribute significantly. By (2d33) the term mM LFE ig

order unity, and so insignificant. Similarly the terms in 7, and 9%, /98X, are Order
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The dynamics of sea ice 241

unity, and insignificant. Given that w reaches a magnitude w* when stresses are
maintained for a time t* (¢ = 1), then

O=0=e'hw/v* (2e9)

represent maximum magnitudes. The three angular velocity terms in (2 e 6) there-
fore have magnitudes,
lfw*
egt*
of which the Coriolis term is greatest but with magnitude less than unity, again
insignificant. Thus the mean stress is given by

(1,w*t*, fut*), (2¢10)

= 1 .
N%, == / (X, — R)TY ds, (2e11)
SJe
or in physical components by
- 1
B
NE = < /C(gc7 — rP)TP ds. (2¢12)

The symmetry of N® is equivalent to the edge traction T® being self-equilibrating
with zero net force and moment. This is a key result in the later interpretation
of the ice pack stress field and its relation to the large-scale deformation or de-
formation rate which describes the relative (rigid) motions of the floe elements.
The various physical magnitudes and dimensionless parameters introduced in the
balance and scaling arguments are collected in table 1 for convenience.

3. Multi-floe ice pack

(a) The ice—water layer

An ice pack is a mosaic of individual floes which occupy a large fraction of the
area of the pack domain, separated by open water leads and contact interfaces
with adjacent floes. The pattern changes as the pack is driven non-uniformly
by the wind-stress and Coriolis force, involving regions with diverging floes and
with converging floes, and a ridging process can occur in converging regions. We
view the pack as a thin layer containing coherent ice floes and ‘trapped water’
within the layer. There is, though, a vertical flux of water into or out of this layer,
from or into the ocean, as adjacent floes diverge and converge, but it is useful to
define a layer of thickness h(z,,t) as a continuous extension of adjacent floes. The
layer therefore has base z3 = 2z,(z4,t) and surface z3 = 2s(z4, 1), and z,(zq, 1)
also defines the base of the ‘trapped water’. The water surface is 3 = 2y (Zq, t),
and there is overlying trapped air, of negligible mass, filling the remaining space
available. Figure 3 illustrates the layer concept and figure 4 illustrates a local floe
surface pattern with ice—~water and ice—ice contacts.

The area fraction of ice in a horizontal plane, that is the area of ice surface
per unit pack surface area is denoted by A(z,,t), and f represents the mean
proportion of ice—ice contact length on floe boundaries. In practice the proportion
f must depend on floe shapes and detailed motion, all lost in the present large-
scale view of the pack motion, and the assumption f = f(A) is an attempt
to reflect a dependence on concentration in a simple manner. Thus, f(A) is a
model function, that is, a constitutive postulate, to be prescribed subject to
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242 J. M. N. T. Gray and L. W. Morland

Figure 3. Vertical section through a segment of the ice pack layer.

Figure 4. Horizontal plan view of a segment of the ice ice pack layer.

f(0) =0and f(1) = 1. It will influence the ice floe stress. We suppose that f(A)
is monotonically increasing to reflect an increasing contact length with increase
of ice concentration and generally expect f(A) to be nonlinear.

An essential assumption is that all physical variables change smoothly over the
pack and weather system length scale [*, so that they reflect mean values over
the floe scale and all irregularities on the floe scale are ignored. The appropriate
coordinate scaling is

To=0I'Xo=€'R*"X,, z3=h"X;3; e=€¢ <1, (3al)

where X, and X3 derivatives have the same status, and the leading-order relations
in € for the ice base and surface normals and tangents, and the traction conditions,

Phil. Trans. R. Soc. Lond. A (1994)
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The dynamics of sea ice 243

are again (2d11)-(2d13), and the vertical stress results (2d14) follow. This
justifies the view of the pack as a horizontal layer of slowly varying (ice) thickness
and the integration through the depth to construct a two-dimensional theory
for the integrated stresses and horizontal velocity field. Further, since only mean
values on the floe scale are considered, the pack is described as a two-dimensional
(horizontal) mixture (interacting continua) of ice and water columns forming the
layer, with overlapping horizontal velocity fields v'(z,,t), v¥(4,t), and partial
densities p'(zq4,t), p¥(zq,t) defined everywhere. Partial density is the mass of
constituent per unit mixture volume. This supposes that the floe and open water
spaces are very small compared to the pack span, so that a mixture element
contains sufficient of each for mean values to be sensible, and identification of
the actual constituents at each point is not necessary. With actual floe spans of
10-10* m this is not a good approximation, but is consistent with, and necessary
for, a theory which ignores individual floe detail. The slowly varying horizontal
ice velocity field v'(z,,t) describes the relative motions of the rigid floes in a
mean sense, and is independent of x5, and there is no vertical ice velocity. Later,
the ice fraction A is partitioned to describe the ridging process.

In a layer of pack with unit horizontal cross-sectional area the mass of ice is
pAh and the layer volume is h, so the mass per unit layer volume, partial density
of ice, is

Pl = Ap. (3a2)
The mass of water is py (1 — A)hy,= (1 — A)ph by (2d14), so the partial density
of water is

p"=(1-Ap, (3a3)
and the total density p' + p* = p, which is the intrinsic ice density. Note that the
air within the layer volume h per unit horizontal cross-section has been assigned

zero mass. The mass of the ice and water columns per unit horizontal cross-section
are therefore

m' = p'h=Am, m" =p"h=(1—- A)m, (3a4)
and m' +m" = m, which follows because the ice and water depths are related by
the equal column mass result (2d 14). The traction ¢; on a unit pack horizontal

cross-section is the sum of the partial tractions (forces per unit pack horizontal
cross-section) ¢}, Y carried by the ice and water respectively; thus

n=(0,0,+1): t; =t +tV. (3ab)

The force on the ice is actually over an area A, and that on the water over an
area 1 — A, so

n=(0,0,+£1): t=At, t¥=(1-A4", (3a6)
where t], t\V are the intrinsic ice and water tractions — forces per unit ice and
water cross-sections respectively. The relations (3a5), (3a6) will apply to the
base and surface conditions. A capital superscript will always denote an intrinsic
variable, one associated with an element of the constituent, in contrast to lower
case for a partial variable associated with an element of the mixture. While the
constituent velocity fields v, v are associated with the mixture in the sense
that piv' and p¥v" determine the mass fluxes, a consistent theory requires that
v', v¥ define mean intrinsic velocities of the ice and water, so here there is no

Phil. Trans. R. Soc. Lond. A (1994)
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244 J. M. N. T. Gray and L. W. Morland

distinction. A detailed formulation of three-dimensional mixture theory with such
interpretations and conclusions is presented by Morland (1992), and the present
two-dimensional theory follows closely.

In contrast to an unstructured three-dimensional mixture we recognize that
vertical sections do not intersect an array of ice and water layers, and tractions
are generally across ice-ice or water—water interfaces except at vertical floe edges.
We introduce a partition f(A4), 1 — f(A) of unit contour length into ice-ice and
ice-water contact, that is, an area partition hf, h(1 — f) of a vertical section
area h, which will be used in the interpretation of the mean stress result (2 e12).
For the purposes of applying the constituent momentum balances of mixture
theory we formally define the partial tractions !, ¥ on any mixture plane as
the forces per unit mixture area carried by the ice and water respectively, then
the momentum balance, with the usual smoothness assumptions, defines partial
stresses o', 0% by the relations

ti=oin;, ' =oln;, (3aT)

k2

for any unit vector n. The total traction and stress is then given by
ti=ti+tY, oy =ol+op (3a8)

It has been noted that the vertical water velocity v} is distinct from that of
the zero ice velocity v} since the layer water moves in and out of the underlying
ocean as the adjacent floes converge and diverge. However, the horizontal water
motion in the leads must be strongly governed by the motion of adjacent floes,
which would be reflected by a mean local velocity assumption

U:;V:UL:UO(; (3@9)

that is, a common horizontal ice and water velocity field. This serves to eliminate
unknown interactions and simplify the equations of motion. This may be too
strong a restriction, but is adopted in the present theory. Any alternative will
require the prescription of an interaction drag between layer water and ice. We
formally suppose that the distinct vi(= 0), v¥ are defined everywhere.

(b) The mass and thermal balances

Reference to water will imply the water instantaneously within the layer. The
general mixture relations are taken from Morland (1992).

With neglect of any vertical velocity of the ice, mass conservation for the ice
is expressed by

op! 0

5 +ama(pva):k, (3b1)

where k is the mass transfer per unit pack volume per unit time into the ice due
to phase change at floe edges, assumed uniform through the depth of layer water
to be consistent with p', v, uniform in zs. In §3 ¢ we reintroduce a vertical ice
velocity in a ridging ice zone. Equation (3b1) gives the evolution equation for A:

0A 0 DA v, k
E"‘axa(z‘lva)——‘f—z‘l———. (3b2)

Dt 0r, p
Now, analogous to (2b28), (2b29), the surface and base kinematic conditions for

Phil. Trans. R. Soc. Lond. A (1994)
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The dynamics of sea ice 245
the ice are
0z 0z | O Oz, 1
5t—+vaa—xa—q, Eﬁ'vaaxa—b, (303)

recalling the leading-order results A; = Ay, = 1, where ¢!, b' are volume fluxes
per unit horizontal area of ice floe. Thus, differencing these two relations,

D_h — % + '3 ﬁ

Dt 0t "0z,
which describes the evolution of ice thickness. The theory holds only while A
remains positive. Combining (3b2) and (3b4) gives a further relation

Dhi  Ov,  OR D hik

e T 9%.. 8t+8_xa(hv“):ﬂ+(q_b)’ (3b5)

:ql_bla (3b4)

where
hi= Ah, ¢ =Aqd', b =AY, (3b6)
define a partial ice thickness — the thickness of a continuous ice layer which has the
same ice volume as the ice pack, and partial fluxes ¢', b' per unit pack horizontal
cross-section. Note that it is the intrinsic ice fluxes ¢', b' which will enter the ice
surface and base thermal processes, and coupling with atmosphere and ocean.
Ignoring internal freezing in the leads, mass conservation for the layer water is
expressed by
op” 0 0
— 4+ —(p"va) + =—(p"vy) = —k, 3b7
8t +8$a(pv)+8$3(p 1)3) ( )
where —k is the mass transfer from the ice to water, and integrating through the
thickness h,, using (3a 3) gives

DA ov hok
—— 4+ (1-A)=—= 1— Ay = ———. 3b8
b { =g + L= DG (- Ay = -2 (3b8)
Now the basal condition for the layer water is
8Zb 8Zb W
— ¥, =bv, 369
at + Va axa US | b ( )

where bYW is the downward water flux needed to maintain the layer base at z3 = 2,
continuous with the adjacent floe base. The surface condition is

02y 02y w
—GT_HJQ%_US |ZW:qW—EW, (3b10)

where ¢V is the accumulation rate of water volume per unit water surface area,
and EV is the evaporation rate. Note that ¢"V, EW could arise separately in the
water—atmosphere coupling. Differencing shows that
Ohy oh
w3l = 57 +vag—
b ot 0z,

and eliminating h,, by (2d14) and Dh/Dt by (3b4) gives
3lo = pi(qI ) — (¢ - ")+ EV. (3b12)

w

— (¥ —bY) + BV, (3b11)
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246 J. M. N. T. Gray and L. W. Morland

Note that p,q"V = pq' if there is surface accumulation converting to ice and water
fluxes respectively over floes and open water, but floe surface melt (¢! < 0) is
not proportionally related to ¢V. Eliminating v} between (35 8) and (3 12), and
DA/Dt by (3b2) determines the trapped water flux into the ocean,

wW_ W _ pw_ P11y hw%
e b ek pey - vt

The first four terms are contributions needed to maintain the layer configuration
due to fluxes on the ice surface and base and water surface, and the final term
adds a positive downward flux when 0v,/0z, < 0 (converging floes) and an
upward flux when Ov,/0z, > 0 (diverging floes).

The prime réle of b% is as a coupling interface condition with the ocean, which,
per unit area of the layer base x3 = z,, receives a water volume flux

I
LA+ (1 - AW = —hwav" +ﬁbl+(1—A){qW—EW— ﬂ}. (3b14)

(3b13)

Pw 0o pu Pw

Salt exchange, though, is associated specifically with b'.
The thermal balance for the ice, neglecting all mechanical working, becomes

pAC'O! — K'div Agrad ©' = Ar' + ¢, (3b15)

where 1) is the energy absorption by the ice per unit layer volume due to phase
change, freezing or melting, at layer water interfaces. With a postulate of sym-
metric partitioning of energy production between the phases (Morland 1992),

W = LKL, (3b16)

where L = 3.3 x 10° J kg~! is the latent heat. Note that there is an identical
energy absorption by the layer water, and the total 2¢ is the energy release by
phase change. In view of the scaling (3a 1), to leading order the temperature
equation is

06! 0e!

,OACI (—% + 'Ua%) — AKI

5*e!
Ox?

= 1kL + Ar', (3617)

where diffusion is only significant in the vertical direction. Maximum temperature
change occurs between surface and base, and for a 25 K change over h* = 5 m,
an estimate of the diffusion term is 2 J m™2 s™!, probably larger with a higher
gradient in a warm basal layer. Local heating and horizontal advection must be
of the same magnitude, but we need estimates of k and 7! to assess the influence
of the source terms. Now k is determined by the layer water energy balance, as
follows. We assume the layer water is maintained at a uniform temperature ©,,
by adjacent ice floes, so there is no local heating advection or diffusion, and no
flux from the conceptual base in the absence of a temperature gradient. Thus
there is a balance between the surface energy flux Q% into the water per unit
water area and the radiation energy RW absorbed into a water column of unit
cross-sectional area per unit time, with the latent heat used by the phase change.
That is

(1-A)(QY +RY) = —1kLh, (3b18)
Phil. Trans. R. Soc. Lond. A (1994)
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determines the mass transfer k in terms of @V, RV and A and h,,, which com-
pletes the thermal balances. Note that (362), (3b4), (3b17) and (3b18), with
(2d14) to express h, in terms of h, are four scalar equations for A, h, k, O,
if the two velocity components v, are known, and coupling with two horizontal
momentum equations will complete the system.

If we suppose that the area fraction requires (at least) time ¢* to change by
order unity, then since |0v,/dz,| < 1/t* with the proposed magnitudes, (3b2)
requires

k| < p/t* ~107° kg m=3 57, (3b19)
so (3b18) implies

KL|, |RY /hul, QY /ho| $3x10° Jm™® 571 (3520)

Now RV ~ h,rW where r* is the deposit per unit depth analogous to r!. For a
given incoming radiation at the surface of the pack there is a greater reflection
from the ice than from the water, so that the net absorptions satisfy |r'| < [PV,
However, their magnitudes are comparable and hence both source terms in (35 17)
can be significant. Further, k, determined by (3 b 18), must be retained in the area
fraction equation (3 b2) unless the prescribed ¢V, 7V define much smaller values
than the upper bound (3519).

At this stage it is necessary to analyse the dynamic implications of the area
fraction evolution (3 b 2) in view of previous invalid numerical solutions predicting
A > 1, and we will examine the behaviour both as A — 1 and A — 0. Define

Ovg, k

G = =4 (3b21)

where n 2 0 represents floes diverging and converging respectively, and by
(3b21), u 2 0 represents freezing and melting respectively due to phase change
with layer water, incorporating the A dependence of k given by (3b18). Now
(3b2) becomes

DA
D—t+A(’I7+U)—U. (3b22)

During a small change of A we can suppose 7 and u are constants, and we assert
that 7 and u can be prescribed arbitrarily since they represent the effects of the
large-scale floe dynamics and the external thermal inputs. Let A = A at ¢t =0,
then the solution to (3522) for small changes of A from A, at a fixed element is

A=-2 4 (Ao—nzu>exp(—(n+u)t)

R (n+u#0),  (3023)
D [(1 = Ao)u — Aon] exp (—(n + u)t)
or
A=A+ ut, DD—f=u, (n+u=0). (3b24)

First consider A near zero with 0 < Ay < 1. We see that

A < (1 — Ay)u, 1 # —u,
%20 " {0)\( oJu, n# (3b25)

Phil. Trans. R. Soc. Lond. A (1994)
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when A does not decrease from Ay. Alternatively,

DA Aon > (1= Ao)u, n# —u,
— <0 if (3b26)
Dt n=—u>0,
when A decreases from A,. The concentration A will then reach zero at a finite
time to, and subsequently become negative, if

1 Am—(1-A
N4 —u: ty = ; ln[ o” (_ o)u’
U ) u u (3b27)
=— Dty = —0—,
(N
are real and positive. This follows immediately in the case n = —u > 0. For
n # —u, in view of (3b26), it again requires u < 0, and since
—-(1-A A
Aon (_u 0)U=1+(:%>(77+u)21 as n+uz20, (3b28)

to is positive for either sign of 7+wu. The remaining possibility (3526); with u > 0
(no melting and necessarily divergence n > 0) has no finite solution ¢,, and

A——>L<A0 as t — oo, (3b29)

n+u
by (3b523) and (3b26);. Thus, continued edge melting v < 0 with divergence
n > 0, or convergence ) < 0 satisfying (3526),, removes the local ice cover and
the pack equations no longer apply, but must be adjoined to open water equations

across a developing internal boundary. This is not a commonly expected situation.
Next consider 0 < 1 — Ay <« 1, then D(1 — A)/Dt > 0 if Agn > (1 — Ap)u or

u = —n < 0, and A does not exceed unity. However,
(1-Ap)u>Am or u=-n>0 = —']%(1—14)<O, (3530)
and A becomes unity, then exceeds unity, at a finite time if
(1_A037U_A077<O or u=-—n>0. (3b31)
Conditions (3530) and (3b31) hold if
n<0 and (1—Ag)u>Am or u=-n>0; (3032)

i.e. for convergence and melting or convergence and freezing satisfying (35 32).
Since here A, is close to unity, (3b32) is satisfied for large (—u), so converging
flow will almost always cause A to exceed unity if A is governed by (352). Such
flow is a common situation.

In all current numerical treatments this invalid situation is avoided by artificial
devices. Nikiforov et al. (1967) simply removed the onshore component of veloc-
ity when the concentration reached unity and Parkinson & Washington (1979)
iteratively corrected the velocity so that the concentration remained below unity.
These schemes do not conserve linear momentum and are a contrived coupling

Phil. Trans. R. Soc. Lond. A (1994)
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which would not emerge naturally from the physical balances. Similarly, a correc-
tion scheme in a numerical solution (Hibler 1979) which, when A exceeds unity,
resets new values hfl, AM of thickness and area fraction by

" = Ah, A¥ =1, (3b33)

to preserve ice volume (mass) does not follow from the governing differential
equations. However, this approach recognizes the need to redistribute ice volume
through thickness change as A approaches unity in converging flow, to reflect the
effects of ridging. We will now formulate a simple ridging process which leads to
evolution equations which have the required asymptotic behaviour A — 1 in a
maintained converging flow, and which replace (3b61)-(3b5).

(¢) Ridging model

A maintained converging flow at an already high ice concentration (A— 1) re-
gion induces increasing contact forces between adjacent floes which are relieved by
fracture, crushing and vertical displacement to form sails above, and keels below,
the coherent ice. This ridging process is an impressive physical phenomenon, and
pressure ridges are a significant proportion of the ice mass in the Arctic (Weeks
1976). The process is irreversible, with the ridged profiles remaining when the
floes diverge. Figure 5 illustrates a sequence describing the convergence of two
adjacent floes accompanied by ridging and the subsequent divergence in which
the ice thickness does not change.

Detailed description of a ridging process depends on the stress field and on
the adopted failure criteria and subsequent deformation for which there is no
established theory. The detailed process is, in fact, too complex to incorporate in
a large-scale model, but model calculations of local failure and deformation such
as Hopkins & Hibler (1991) may lead to better forms for large-scale relations.
Here we formulate directly a process in which ridging ice during convergence is
redistributed smoothly over the layer surface and base to replace area fraction
increase by thickness increase. We suppose that during convergence the area
fraction A can be partitioned into fractions A. of coherent ice not in failure,
which moves horizontally, and a fraction A, at failure which has an additional
vertical velocity component v which transports ice into sails and keels, but has
the same horizontal velocity as the coherent ice and layer water. Thus

A=A +A,. (3c1)

Let h. and h, be the thicknesses of the coherent and ridging ice respectively, but
on the timescale t* of the pack evolution it is supposed that the ridged ice is
instantaneously redistributed to form a layer of thickness h which is smoothly
varying on the pack scale [*. Mass conservation determines the mean thickness h
by

Ah = Ache + ALh,. (3c2)
The ice pack dynamics is therefore described in terms of a binary mixture of ice
and layer water, with A, h defining the ice area fraction and thickness, but the
embedded ridging process is described in terms of three constituents: layer water,

coherent ice and ridging ice.
The partial densities p°, p* of coherent and ridging ice viewed as columns of

Phil. Trans. R. Soc. Lond. A (1994)
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Figure 5. Convergence and divergence of adjacent floes illustrating the ridging process.

thickness h are given by

Achc r r/or c r i
Pr=—p p=—=p PFtp=A4p=7p, (3¢3)

where p' is the partial density of ice in the layer. Let k* be the mass transfer per
unit time per unit layer volume from coherent to ridging ice, and partition the
phase change transfer k arising at the floe edges by the coherent and ridging area
fractions, then the respective mass conservation equations are

Dp° A

‘n=—-k"+ —k 3c4

Dpr 0 A,
T i r. r — r _k‘ 3 5
Dt+pn+ax3(pv3) K+ = (3¢5)

Here we retain the total derivative notation
D 0

= 2 + vy — (3¢6)

Dt ot oz,

involving only the horizontal advection. The unknown k' is eliminated by sum-

Phil. Trans. R. Soc. Lond. A (1994)
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ming to obtain the ice mass balance

Dp' o}
1 e r, r — k.

D +pn+3x3(pv3) (3¢7)
Note that the ridging mechanism incorporates a vertical velocity vj in the ridging
zone which contributes to the mass divergence in (3 ¢ 7), whereas purely coherent
ice described in (3b1) has no vertical velocity. Integrating (3¢7) through the
layer thickness h gives

DA Achy k

ﬁ‘f‘A?H‘ 5 [v]), = o’ (3¢8)
where [v3], is the velocity difference between surface and base. Now the vertical
flux per unit layer cross-section out of the layer, recalling the contribution of
a vertical velocity vz to the surface and base kinematic conditions (2b28) and
(2b29) not present in (3b3), is

r[,r rDh‘ th _ 1 1
Pl — P gy — Py = —PAld — 1), (3¢9)
and hence
Dh | . Al
D = ¢ b + A [vg]}, - (3¢10)
Combining (3 ¢8) and (3 ¢10) shows that
DRt(Ah)—i-Ahn=A(qI —b1)+k—:, (3c11)

which confirms that the total volume evolution (3b5) is not influenced by the
partitioning into coherent and ridging ice. The two equations (3 ¢8) and (3 ¢10)
replace (3b2) and (3b4) for the evolution of A and h, but involve the ridging
area fraction A, and thickness h,, and the vertical ridging velocity difference [v}],,
across the layer, which must be determined by a model of the ridging process . In
diverging flow, n > 0, the model will impose [v}];, = 0 and the original equations
(3b2) and (3b4) apply.

Now p*[vi]s is the vertical flux of mass per unit cross-section from the layer
of fixed thickness h instantaneously overlapping the ice layer, and —p'nh is the
horizontal mass flux into this region. Their ratio, using (3 ¢3),

pr[v:r}]h Achy r
_ £l = _ =aq, 3cl2

Plﬁh Anhz [/03]}1 o ( c )
is zero in diverging flow and can be assumed to have the following properties
during converging flow:

n<0: 0<a<l, a—1 as A—-1 (3¢13)
The most elementary model of ridging is to assume

n>20: a=0,
7720: a=a(4), a0)=0, o'(4) 20, a—1 as A—»l,}(3014)

which we adopt for the further analysis and illustrations. Then (3 ¢8) and (3 ¢ 10)

Phil. Trans. R. Soc. Lond. A (1994)
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for converging flow and (3b2) and (3b4) for diverging flow are described by the
common evolution equations

DA k
By +An[L—alH(n) =, (3¢15)
2L g ¥~ wha(A)H (), (3¢16)

where H(6) is the Heaviside unit function, which can be solved in turn for A
and h. Before determining the behaviour of A for maintained convergence near
A =1, we can construct a model for the evolutions of the distinct ridging and
coherent regions and show how they reduce to (3¢ 15) and (3¢16) for A and h,
with auxiliary equations for A;, A., A, h..

The partial densities of coherent and ridging ice with distinct column thick-
nesses h. and h, are given by

pe=Acp, pr=Awp, pHp=Ap= pi' (3 c17)

Let & be the mass transfer per unit time per unit mixture volume from coherent
to ridging ice, which takes place only over the common thickness A, so that

Ehe = k*h. (3c18)
The respective mass conservation equations are
Dp° ~ Al
0°n = —k" + —k
o T + =k, (3¢19)
Dp" . 0 A
r kr -
with the understanding that k* = 0 over the excess ridging thickness
ha = hy — he. (3c21)
Integrating (3¢19) and (3 ¢20) over the common thickness h. gives
DA ko Ak
C p A= g el
Dt + A p + A (3c22)
DAr Ar r ];:r Al‘ k

— 4+ An+ — =—4+—- 3c23
Bp A+ Rl =S+ (3¢23)
where [v}]; is the vertical velocity difference over the thickness h.. Integrating
(3¢20) over the excess thickness h; with no transfer of coherent into ridging ice
gives

DA A Ak
rn+h [v 3](1—];7 (3c24)
and comparison with (3 c23) shows that
o h hak*
13l = 32 b3l — 2 (3¢25)

Phil. Trans. R. Soc. Lond. A (1994)
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The dynamics of sea ice 253
so that, using (3 ¢18), (3 c¢21), the velocity difference over the ridging column is
r r r h'!’ r hdh’ k

[US]r = [03]c + [U3ld = h_c [v3]c pA h : (3 026)
Summing (3 ¢22) and (3 ¢23) gives
DA A, k
An+ — —.
o TAT+ S [ e = P (3¢27)

The surface and base kinematic COIldlthIlS for the coherent and ridging ice give
respectively

Dh. 11 Dhe I g1 r
Dy = ¢ b, D =4 b+ (v, . (3¢28)
Correlation with a single layer of thickness h, defined by (3c¢2) to preserve
total mass, is obtained by requiring that the mean vertical mass flux of ridging
ice per unit cross section per unit thickness in the transfer region of thickness h.
is identified with that in the single layer of thickness h which is supposed to be

formed instantaneously, thus

Py P
= = 5 [v3), (3¢29)

Hence

[v 3] h2 [ 3]h’ (3¢30)

so that the evolution equation (3 ¢27) for A is again (3 ¢8), and the evolution of
h, (3 ¢28), becomes

Dh . h? hqh k*

L=t b 4 2 0h], - — .

TR G sy

Now the horizontal mass flux per unit cross-section of ridging ice is interpreted

as the sum of the flux over the common thickness h. and the mass transfer over
the thickness h, that is

(3¢31)

— p'nhy = —p'nhe + K he, (3¢32)
which implies that the mass transfer is given by
hok' = —pA.han. (3¢33)
Hence (3 ¢31), using (3 ¢ 18), becomes
Dhe | L
=g -+ L 4
e — g8 e gy + 2o, (3¢34)
and (3 ¢23) becomes, using (3 ¢30) and (3c18),
DA, h Ak Ah
r Tor _ rltr o 3
Dt + hCAl‘n A P h2 [v3]h ( 035)
Finally, combining (3¢1), (3¢2), (3¢8), (3¢28)1, (3¢34), (3¢35) shows that
h
Dt(Ah + Ah,) = A(qI——bI)—i—%———Ahn, (3¢36)

Phil. Trans. R. Soc. Lond. A (1994)
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which confirms the total volume evolution (3 ¢ 11), and hence with (3 ¢ 8) recovers
(3¢10) for the evolution of h. The evolution equations are therefore (3 ¢8) and
(3¢10) for A and h with auxiliary equations (3 ¢35) and (3 ¢28), (3 ¢34) for A,,
he, hy, and (3¢ 1) for A.. The model assumption (3 ¢ 14) allows successive solution
of (3¢c15), (3c16) for A and h, and (3 ¢28) for h, but (3¢34) and (3¢35) are
coupled equations for h, and A,. Note that their initial conditions at a time ¢. at
which convergence begins are

he(te) = ha(te) = h(te),  Ai(te) =0, (3¢37)

reflecting the commencement of ridging from the coherent layer at the end of
diverging flow. Note that without the simplifying model assumption (3 c14) the
system of differential equations for A, h, A,, h, are coupled.

We can now return to the simplified uncoupled equation (3 ¢ 15) for the evolu-
tion of A, and examine the influence of the ridging function a(A) in converging
flow for A near zero and A near unity. For diverging flow, n > 0, (3¢ 15) is just
(3b2) and the previous conclusions apply. Near A = 0 we assume

af(A) ~apA as A—0, =0, (3¢38)

so (3 ¢15) is approximated by (3 b2) and the earlier conclusions apply. Near A = 1
we assume

a(A)~1—a;(1—A4) as A—1, o5 =0, (3¢39)
so with (3b2), (3¢15) is approximated for n < 0 by
D
n<0: ﬁ(l—A)+(u—a1n)(1—A)=0, (3¢40)

where u 2 0 represents freezing and melting respectively, subject to an initial
condition

t=0: A=A4,<1, Ay~L1 (3c41)
The solution is
uFam: 1-—A=(1-A)exp|[—(u—an)t,
u=am: 1—A=1-—A,, (3c42)

so that 1 — A remains positive, and A approaches unity asymptotically if —a;n >
—u, and A decreases from Ay if —a;n < —u which requires u < 0 (melting). That
is, in maintained convergence, with either edge melting or freezing, the evolution
equation (3 c15) does not permit A to reach unity in finite time, removing the
validity failure associated with the non-ridging equation (352).

(d) Momentum balances

We need consider only the binary mixture of the ice layer of thickness h and
contained water, described in §3a and §3b. The horizontal momentum balances
for ice and water are

Oot oot . . . .Dv
af a3 i i i i (]
B2 t ey T €apafeP Vs + Pa + PBo = P (3d1)
Oo¥ oo . . Dw
af a3 W _ i wo__ W [&]
B2, + B, + €apafep Vs — pB, + 0By = p Dt (3d2)

Phil. Trans. R. Soc. Lond. A (1994)
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where p3! are the interaction drag components per unit mixture volume on the ice

due to the water (the body drag), and pg,, pBY are the corresponding thrusts due
to momentum production with phase change. The latter are negligible (Morland
1992), and the body drag components p3, are determined by the common velocity
v, assumption, being the interaction necessary to maintain the common velocity
in both momentum balances. The individual ice and water balances (3d 1) and
(3d2) are used in §4b. Adding (3d1) and (3 d2) gives a total stress equation

0045 n 00,43 b eugafopvs = D,
O0zg Ox3 3] PV = Dt

for vg, recalling p' + p% = p, then (3d 1) or (3d2) determines the necessary pg:

once constitutive relations for the stresses are given. Integrating (3d3) through

the layer thickness and applying the previous scaling arguments shows that
8Naﬂ D’Ua
6wﬂ Dt ’

(3d3)

+ta

Zs + talzb + 5a[33fcmvﬂ =m (3d4)

where m = ph and the integrated horizontal stress for the pack is
Nog = / G das = / (0l + o) das. (3d5)
2h 2p

The vertical equilibrium equations are

0oy | 0035 dogy | 003p
—p'g=0, —pYg =0, 3d6
Oz  Oxg ra Oxs * Ozg Pa (3d6)
subject to surface and base conditions
T3 =2 ol =0,
T3 = 2y 035 =0,
. (3d7)
T3 = 2p : 033 = _prghw,

0-1‘3”3 = _(1 - A)pwghw;

using the partial traction relation (3 a6) and leading-order results Ay = Ay, = 1.
Since 0/dz, is higher order in € than 0/0xs; by the scaling, the leading-order
solutions are

035 = —p'g(2z — 33), o5 = —p"g(2w — T3), (3d8)
which, with (3a2), (3a3) and the intrinsic traction definitions (3 a 6), and basal
traction condition (3d7), shows that

oty = Aok, = —Apg(zs — x3), ph = pwhw, }

o33 = (1= Ao = —(1 = A)pwg(zw — 3),

where ol,, o)) are intrinsic stress components and o3y is continuous across zy.

In the two-dimensional depth integrated momentum equations (3 d4), the shear
stress o3, on horizontal planes enters only through the surface and base tangential
tractions. In the water, the in-plane viscous shear stresses are negligible compared

(3d9)

Phil. Trans. R. Soc. Lond. A (1994)
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to the pressure p¥, so that
Oap = —P"bap, P" = ——(Uaa +033) = —033. (3d10)
Now on the surface the tangential wind stress acts on both ice and water, but
interface roughness differences may impose different tractions, thus
tol. = AT+ (1 — ATV (3d11)

a bl

where the superscripts I and W denote intrinsic ice and water tractions. On
the base there is normal water pressure everywhere, an intrinsic tangential drag
721 acting on the ice base, and an intrinsic tangential traction 7°W in the water
1nterface Here we suppose that the shear traction on hor1zontal planes in the
water will not change significantly between surface and base since the viscous
stresses and depth h,, are small. Thus

taln = A{TS —pwna}Zb +(1—A){-V —pwna}Zb , (3d12)
and hence
talz talz, = AT + 700 = (0 70) 20, (3d13)
where
8zb
W a)zy — h 3d14
(P Na)z, = P oz, ( )

using (2a5) with A, =1, and (3d9) and (3d 10). The integrated stress balance
(3d4) becomes

AN,
6905

Dva
"Dt

Defining extra total stress and extra integrated total stress o°, N¢, extra to
the intrinsic water pressure, and integrated intrinsic water pressure, by

0z
+ A(rH + P — mga + €apsfemug = (3d15)

e A% W
Oap = 0ag — D 6«1 3 P = pwghvw
? ’ 1 (3d16)
Naﬂ = N - PV 60:,8’ PV = §ngh3w
analogous to (2c4), gives the extra stress balance
ON® 02y Dv
af A+ bl o 1
9z, +A(TS + 1)) — mga mup =M= (3d17)

The model is completed by prescribing constitutive relations for the integrated
extra pack stress IN° in terms of the large-scale pack deformation associated with
the velocity field v(z,,t).

(e) Constitutive models

The extra total pack stress N°, and its gradients in the balance (3d 17), arise
from the stress field induced in the coherent ice floes by contact forces from
adjacent floes during convergence. During divergence with no local contacts, the
stress field is simply the water pressure and N°¢ = 0. Now with the partial stress-
intrinsic stress scalings o' = Ao!, p¥ = (1 — A)pW consistent with the traction
scalings (3 a 6), the integrated total stress given by (3d 5) has the decomposition

N =AN'—(1-A)P%V1. (3el)
Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

A

/\

A\

A \
A
P

Y

AL

THE ROYAL
SOCIETY

OF

2
=
25
&
@)
7
Q
=
a5
a

TRANSACTIONS

THE ROYAL A
SOCIETY /4

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

The dynamics of sea ice 257
Then by (3d16) the extra integrated stress is
N°=A(N"+P"V1)=AN" (3e2)

when the intrinsic stresses N, N are interpreted as the single coherent floe
stresses given by (2c4). We further suppose that on the mixture length scale
NF can be interpreted as the mean integrated extra stress in the (local) floe
determined by the edge tractions induced by interactions with adjacent converg-
ing floes, extra to the water pressure. This mean stress is given by (2e1l) or
(2e12) in terms of the extra integrated tractions T® around the floe boundary.
We noted earlier that ice—ice and ice—water contact over a floe boundary will be
partitioned in some mean fractions f and 1 — f. An elementary model f = f(A)
was proposed to reflect simple dependence on ice concentration A, with f in-
creasing smoothly from zero at A = 0 to unity at A = 1. On the fraction 1 — f
of the floe boundary, T® = 0. We therefore propose that the mean stress inte-
gral (2 e12) should be applied with T'® denoting edge tractions due to complete
contact around the boundary with adjacent floes, and the reduction due to the
non-contact sections modelled by the inclusion of the weighting fraction f(A).
Thus we make the identification

- A
s =AfNGs = —S,J:/C(:cﬂ —r5) Ty ds. (3e3)

The integral (3 e 3) implies a dependence of N°¢ on the assumed geometry and
the assumed mechanisms which determine TF. If a reference pack configura-
tion is chosen with non-uniform floe geometries and orientations, then a non-
homogeneous constitutive law would result. Further, if the adopted force mecha-
nisms depend on displacements (deformations) from the reference configuration,
even if initially isotropic, subsequent configurations would exhibit anisotropy. At
this stage such models are too ambitious, and we will focus on uniform geometry
and dependence only on deformation rates, a viscous model, to illustrate the ap-
plication of (3e3). The choice of geometry and mechanisms allows a variety of
responses.

The contact interactions will depend on the relative normal and tangential
velocities of the adjacent rigid floes at the interface. Recall that a failure mecha-
nism transfers the excess horizontal flux into vertical flux in the ridging process.
It is observed (Olmsted 1991) that tightly packed floes rotate as groups rather
than as individuals, and we make the approximation that all floes adjacent to
the central floe rotate as a rigid group. We therefore choose coordinates z, fixed
in the central floe, with origin at the centre of mass of the group, so the velocity
gradient L' at P with respect to ! is a pure strain rate D' with zero spin WT;
that is

ovt ot Ol
o a a 5] _ Nt
Laﬂ—a—x;—%<a—x;+axg>—fjaﬂ’ (Bed)
o}, 81}}3
wo=3 (52~ ) =0 (8e5)

The pack velocity field v(z!,) is interpreted to define the velocities of centres
of mass of local floes. Consider a central floe labelled by its centre of mass P, and
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258 J. M. N. T. Gray and L. W. Morland

Figure 6. Geometry of adjacent floes.

an adjacent floe labelled by its centre of mass A, illustrated in figure 6, where A
has position vector y(.A) relative to P.

In z! both floes have zero spin, so the relative velocity of A to P is given by
the linear Taylor series approximation

vi(A) = vk (P) = DLsyh(A), (3¢6)

since changes on the floe scale are very small compared to the pack scale. Thus,
relative to P, all points of floe A have a velocity

L(A) = Dl yh(A), (3e7)

and in particular interface points with position ' relative to P. The normal and
tangential relative velocities at ' are then

ta(A, 2") = DLgyh(A)nl,  o,(A, ") = Dlgyh(A)sl, (3e8)

where m, s are the unit normal and tangent vectors at ! shown in figure 6.
Negative 9,(A, 2') is required to induce a non-zero extra stress T® at '. Inter-
action models will relate T®(A, ') to the relative velocity #(A, z') on each floe
contact interface.

Application of the integral relation (3 e3) needs an assumed local floe config-
uration. Consider the regular array of identical square floes as shown in figure 7,
each with side ;. We suppose that the ridging does not significantly adjust the
domain of the floe. The relative normal and tangential velocities are uniform over
each side, and by (3 e38)

Ga(A) = 04(C) = sDY;,  ©4(B) = (D) = I DI,
35(A) = 0,(C) = —05(B) = —5(D) = I¢D},.

In view of the uniformity and the symmetries on opposite sides it is sensible to

(3e9)

Phil. Trans. R. Soc. Lond. A (1994)
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Figure 7. Geometry of adjacent square floes.

T(B)
TF(B)
T (A
TF(A) A
TF(B)
Ty (B)

Figure 8. Tractions on the central square floe.

propose uniform tractions
TY(A) = —TP1(C) = TE(A), Ty (B) = -T,(D) = TR(B), (3¢10)
e
Ty (A) = -T;1(C) = TP(A), T7Y'(B) = Ty (D) = ~T7(B),

as illustrated by figure 8. It is clear that the zero moment requirement implies

T (B) = —T;(A), (3ell)

8
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which is consistent with the tangential velocity result 05(B) = —0,(.A) in (3€9).
However, if we assumed a frictional law of the form TZ oc T, then since TF(A) #
TE(B) in general, the moment condition (3 e11) would not be satisfied and this
elementary view fails. The requirement (3 e 11) further implies that both of TF(B),
TE(A) are zero or non-zero, so interfaces must both diverge or converge, which
1mphes DI, and D}, have the same sign. This is consistent with the tight packing
and rigid rotation assertion, but it is not guaranteed everywhere by the differential
equations. The model assumption must therefore be to define divergence and
convergence for all interfaces by n 2 0, as in the ridging model, and set

T =0, N®=0 for n>0. (3e12)

We can evaluate the integral (3 e 3) for the square floe and uniform tractions on
each side, with 7P = 0 in the floe coordinates z,. Thus, for n < 0:

Ny =T (A), Ny =T7(B), Ny =THA). (3e13)

The interaction mechanism is described by (postulated) relations between T2 (A),
TE(A) and 9,(A), 9.(B), Us(A), which in turn relate the J\_ff to the DTﬁ to
determine a viscous relation. This must be a tensor relation (coordmate invariant)
and frame indifferent (independent of observer), and the general form in two-
dimensions can be expressed as

¥ = {¢ol + ¢ D} H(-n), (3e14)

where ¢y and ¢; are functions of the two independent invariants of D, say n and
positive v given by

O, -
n= aza =trD, +*=1itrD? (3e15)
where
D=D-1lm (3e16)
is the deviatoric strain rate. In components,
n =Dy + Dy, ~*=D;,+ (D1 — Dy,)°. (3el7)

n measures the rate of increase of element area per unit area, and v measures a
rate of change of shape (shearing). Corresponding integrated stress invariants P,
J are given by

~ E ~ E

P=—-1ltrN® J=1lr(N ), N =NPF+P1, (3e18)
defining a mean pressure and a shear stress magnitude. The equivalent inverse
form of (3e14) is

D =9l +¢ N®, 17<0, (3e19)

where 1y, ; are functions of P and J, and from (3e18), (3¢ 14) and (3¢ 16),
p = _(¢0 + %¢177)H(_"7)7 J= ¢%72H(_77)7 o = _¢0/¢1a Py = 1(/3¢12 )
e20
We assert that the corresponding shear stresses and strain rates have the same

sign; that is, they are not in opposite directions, so that ¢; > 0, and that P is
positive in converging flow n < 0, so that ¢ — %qbl(—n‘) < 0 for all n < 0. Further,
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The dynamics of sea ice 261

we require continuity with the diverging flow result N¥* =0 as D — 0, n — 0.
Thus

0120, ¢o<0, ¢o—0 as n— 0 through negative values (3e21)

for all y; ¢o, ¢1_are not relevant in n > 0. In diverging flow, n > 0, D is not
determined by N®.

Comparing (3e13) with (3e14) and (3e9) shows the underlying traction—
relative-velocity relations,

TE(A) = {¢0 4 %@nw)} H(-n), |
TE(B) = {qso + f—:onas)} H(—7), (3¢22)
T3(A) = (A H (1), )

where ¢y, ¢; are functions of the invariants

n = {n(A) + 0. (B)} /1, o <0, }
v = {82(A) + L[oa(A) — (B2} Jlr, >0,

If we require 7.7 (A) to depend only on ¥, (A) and T (B) to depend only on ¥,(B);
that is, normal traction on an edge to depend only on the relative velocity normal
to that edge, and not on the relative tangential velocity, then immediately both
¢o and ¢; must be independent of . Then, setting the derivative of T"(A) with
respect to ¥, (B) and the derivative of T (B) with respect to ¥,(.A) to zero, shows

that
. d¢y déo . A
-9 (A = 2 L(B)—=
lfd77 +U(A)dn fd77+U(B)d77
which must hold for independent v,(A) and v,(B), so that ¢y and ¢; must be
independent of 7, and hence constant. Further, with the limit condition (3 e 21),

¢o =0, and so (3 e 14) reduces to a linearly viscous law

N* = ¢ DH(-) (3e25)

(3e23)

=0, (3¢24)

with a single constant viscosity measure ¢;, corresponding to a shear viscosity
%(Z)l and a bulk viscosity %qbl. This is not a realistic ice pack model, but may have
value for numerical testing. We must therefore allow TF to depend on both v,
and ¥, and T® to depend on both 95 and 9,, with a common form for 77> (A)
and TP(B) to be consistent with the frame indifferent relation (3e14). Given
TE(Vy, 0s) and TE(0,,0s), (3 €22) are two relations for ¢o(n,7), ¢1(n,7), but we
can alternatively explore forms of ¢y and ¢; and examine the implied traction
relations. The law (3 e 14) has isotropic compression and deviatoric responses

P =—(¢o+ 3¢ H(—n) = ¢p3H(—n) >0, N =D, (3 ¢26)

so that shear response is governed solely by ¢, but compression involves both ¢,
and ¢; through ¢3. Recall the weighting factor Af(A) entering the pack stress
Ne¢ given by (3 e3), implying increase of pack stresses as A increases.
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262 J. M. N. T. Gray and L. W. Morland

Since the ridging process accelerates as —7 increases to accommodate the hor-
izontal convergence, and ridging implies that the local ice is fracturing, it is
customary to assert that the stress field is obeying some failure criterion, which
in turn prohibits excessive stress rise. The conventional viscoplasticity model as-
sumes that the stress satisfies a yield criterion throughout a converging zone.
We now show by example how this much simpler nonlinearly viscous model can
bound a yield or failure function of the stress invariants between close lower and
upper bounds when the convergence —7 is much greater than a positive threshold
value 7. This reflects the major features of the conventional view of the above
process. Consider the typical form of a yield function,

2, 0 5 2, 03 o o
+ 27 = {d+ Do H (o), (3¢27)
1 1
where a1, a3 are constants. Now choose the material response functions ¢s, ¢; in
the form,
ay(1 — e"/m)

o3 =a3(1—e"/"°), b1 = W, (3e28)
where 79, 7o are constants, then
_ a2 _ 2 ,.Y2
P2+ 2] =qal(1—emm {1 }H— . 3e29
tgT=a (1-em) {1t o H () (3¢29)

For 0 < 7 < 7§ and —7n > 7o, the yield function lies between aj and a2,

which implies that during rapid ridging the stress combination defined by this
function lies between az and 1.23 a3 so that aj is a measure of the failure stress.
The constant a; can be chosen to provide the required weighting of J in the yield
function.

A linearly viscous fluid model with constant shear viscosity u and bulk viscosity
(¢ is given by

¢1 = 2,Mh7 ¢3 = _Cnha ¢0 = (/J’ - C)(_n)h’v (3630)

showing the explicit dependence on h which was not shown in the general relations
above for the depth integrated stresses for which the functions ¢, ¢1, ¢35, should
incorporate the factor h. To obtain a factor h?, used by Overland & Pease (1988)
and Loewe (1990), it is necessary to assume that the edge tractions vary linearly
with depth instead of being independent of zs.

4. Model summary

(a) Proposed theory

The model is a system of partial differential equations and algebraic relations
for a horizontal velocity field v, (z,,t), layer thickness h(z,,t), auxiliary thick-
nesses of coherent and ridging ice h¢(Zq,t), hi(zq,t), ice area fraction A(z,,t)
and ridging area fraction A,(z.,t), ice temperature ©'(z,, z3,t), integrated wa-
ter pressure PV (z,,t) and integrated extra stress N, o3(Zast), given the dynamic
water surface T3 = 2y (Za,t). From (2a3) and (3d9) the layer base and surface
are given by ’

T3 =2 = 2w — (p/pw)h, T3 =2 =24+ (1 —p/py)h, (4al)
Phil. Trans. R. Soc. Lond. A (1994)
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The dynamics of sea ice 263

in terms of h, where p and p,, are the constant ice and water densities. Apart
from atmospheric and ocean coupling, the energy balance (3b17) is an equation
for the ice temperature ©' which can be solved independently once the velocity
field v, area fraction A and thickness h have been determined by the dynamics.
Thus

De'  o6! 00"  K' 9*O! kL 7!

_ 09 _ A 1 I 4402
Dt~ ot "8z, pCl 022 | 2pACT | OV (a2)

subject to base and surface conditions of the form (2 30) and (231):
Tz =2, O'=0y, z3=2: O'=6° or [K%—e] = —p¢'L, (4a3)

where ©,; is the saline water freezing temperature, L is latent heat of ice, K'
and C! are the ice thermal conductivity and specific heat respectively, and ¢' is
the intrinsic ice accumulation flux at the surface.

The two momentum equations (3d 17) are, for a« = 1,2,

AN,
81},3

Du,

+ A(TSI + TbI) phga Dt

0%y
where f, is the Coriolis parameter, and 7°!, 7! are the intrinsic tangential trac-
tions due to wind stress and ocean drag respectively on the ice base. Two common
models for the ocean drag are the linear and quadratic relations,

™ = _pwcl['v]a ™ = —pw02|['U”[’v], (40‘5)
in the relative velocity [v] of the ice to the ocean, with coeflicients ¢;, c,, such
that pyci10*, or py,cv*2, respectively are less than 7* (drag less than wind stress);
that is

(4a4)

P’Wﬂ = ph——

<103 ms™, ¢ <1072 (4a6)
If the ocean velocity is taken at the 10 m depth, then the velocity rotation in the
upper layer is accounted for by a turning angle in relation (4 a5).
Evolution of area fraction A and thickness h are governed by (3 ¢ 15) and (3 ¢ 16)
independent of the auxiliary equations for A,, h,, h. and are

24 (1~ a(A)H(-n) = -’; (4a7)
]_D)g — ¢ — ¥ — hpa(A) H(—n). (4a8)

These involve the horizontal velocity divergence n = 0v,/dz,, and the mass
transfer k to ice from layer water per unit volume per unit time given by (3 b 18):

Pw (QW + RW)
phL '

Here ' is the intrinsic volume flux from the ice base due to phase change, QW is
the intrinsic energy flux into the water per unit surface area per unit time, and
RV is the intrinsic radiation energy deposit per unit time into the water layer
per unit cross-sectional area. Recall that a(A) is a prescribed model function
defining the ratio of the vertical ridging flux to the horizontal flux, which increases

k=—2(1—A) (4a9)
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with A. The area evolution (4 a7) involves the velocity through the divergence
n and with the material derivative DA/Dt, and the velocity is governed by the
momentum equations (4a4) which involve both A and h, and hence coupling
with the evolution system (4a7), (4a8).

Finally, there is a constitutive law for the two-dimensional integrated extra
stress N, defined in terms of the mean floe stress NF by (3€3). As an example,
a general nonlinearly viscous law (3 e 14) has the form,

N* = Af(A)GR) {ds(m, 1)1+ 61(n,7) D} H(—n), (4a10)
where the strain rate D and deviatoric strain rate D are given by
1 /0v Ovg N
o = — @ y D = D —_— l 1, 1]_
Dag 2<axﬁ*‘axa) 2 (all)

with invariants
L 11/2
n=trD, ’yz{%trD } : (4a12)

A general factor G(h) allows arbitrary variation of the edge tractions with depth.
For example,

G(h)=h and G(h)=h? (4a13)
describe edge tractions uniform with depth as adopted in (3 e 30), and edge trac-
tions linear in depth considered by Overland & Pease (1988) and Loewe (1990),
respectively. The former is more consistent with the depth-independent horizon-
tal velocity ve (4, t) assumption. The contact length proportion f(A) is a further
prescribed model function to reflect increasing ice—ice contact as A increases.

At the ice pack boundary there may be sections in contact with a shore de-
scribed by zero normal velocity and either zero tangential velocity or a slip con-
dition, but also sections in contact with open water where the extra integrated
stress is zero. If outer edge melting or freezing is negligible compared to horizontal
velocities, such sections are material, moving with the ice velocity. There may, of
course, be calving, which would require additional physical theory. There is also
a possibility of internal boundaries with open water developing and evolving in
diverging zones with sustained melting when A becomes zero.

Tentative proposals for the two model functions a(A) and f(A) are

a(Ad) =A™ (0< AL, m>0, (4a14)
or
A — A
CM(A)Z 1- 4, (O<Af<A<1), (4@15)
0 0< A< A,
and
e~ M1-4) _ g=A
f(A)z—TjeT 0<ALL), A>1, (4a16)

but the effects of different forms must be assessed in dynamic calculations. The
contact length function f(A) in (4a16) is analogous to the factor used by Hi-
bler (1979) to couple the ice strength to the concentration, with a modification
necessary to ensure f(0) = 0. Hibler suggests a value A = 20. There can be
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The dynamics of sea ice 265

no direct measurement of «(A) and f(A), but they provide a flexibility to ad-
just the effects of varying concentration A at least in a qualitatively plausible
manner. In particular, a(A) and the more fundamental ridging process which
determines a physically plausible evolution of A in the limit A — 1, is a new
theoretical feature. The constitutive model now has an interpretation in terms
of ice—ice contact forces, but still lacks a constructive formulation. The balances
have been formulated systematically with precise definition of all the variables,
and the arguments for a valid approximate two-dimensional model have been laid
out. An important feature is the different structure of the equations in converging
and diverging zones, defined by n 2 0 respectively, and the presence of moving
interfaces separating such zones.

(b) Comparison

Before illustrating the ridging process we will draw distinctions between the
proposed theory and the Hibler (1979) model, which is used in current numerical
applications, highlighting both the new approach to ice area fraction evolution
and the differences in the basic balances. A superscript H will be attached to
Hibler variables for some of which a precise definition is lacking, and comparisons
are drawn with appropriate interpretations which reveal inconsistencies. We set
aside the constitutive model for the ice pack stress and focus on the momentum
balance and evolution of A and h.

The ice area fraction A" has the same definition as A, but the ice mass m™
per unit mixture area and the ice thickness h*l are equal to the partial mass m'
and partial thickness h!, defined by (3a4) and (3b6), respectively,

AR =A, mf=m'=Am, A" =h'=Ah. (4b1)
The Hibler (1979) ice concentration and thickness equations are
DA Ov, s
—]jt— + Aa—az = Szl + dIHUSlOH, A < ]_7 (4b2)
PD—’;— K gz‘: = Sy + diffusion, (463)

where S%, SH are source terms and where the diffusion terms are artificially
introduced to obtain a convergent numerical algorithm. They mask a serious
instability inherent to the complete system of equations, caused by applying the
plasticity model in divergence (Gray 1992). The mass balance equations (4a 7),
(4 a8) in diverging flow (7 > 0) can be combined to obtain the relations,

DA Ov k

_ = = 4b4
Dt + Aaxa o’ (4b4)
Dh Ova 1 i Wk

—5{5— h axa = A(q b ) + Ap (4 b5)

To correlate (452), (4b3) with (4b4), (4b5) we need the source term interpre-
tations

Si=k/p, Si=Ad" —b)+Rk/Ap, (456)
where the mass transfer k is determined by (4a9). The source terms in Hibler
(1979) are quite different, postulated in terms of prescribed seasonal growth rates.
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No direct comparison of the equations is possible in convergent flow as the ridging
process is a new model feature that remains valid in sustained convergence as
illustrated in §3 b, c.

The Hibler (1979) momentum balance is not comparable to the extra integrated
total stress momentum balance (4 a4), which was formulated for the entire ice
water layer. Instead we must derive the momentum balance for the ice constituent
only and assume a form for the unknown interaction drag. The partial depth
integrated ice stress N, and water stress N, are defined as

N;t,B :/2 SO'ialad.'L'g, N;Nﬁ = /Z sO'gﬁd.Tg, (4b7)
and the definition of the total integrated stress (3 d5) ensures that
Nog = Nig+ NJs. (4b8)

The partial water stress o, is given explicitly by (3d 10), assuming that in the
water the in-plane viscous shear stresses are negligible compared to the partial
water pressure p". Thus the partial integrated water stress is

Ny = =P =—(1— A)PVé,4, (4b9)

and the depth integrated ice stress N, lixg is related to the total extra stress Njg
by applying (3d 16), (4b8) and (459):

o5 =Nig+ APV 6,4. (4510)
Integrating the ice momentum balance (3d 1) through the thickness, using (45 7)

and the small gradient approximation, gives

ON,, i i i D,
—-ﬁ + ta Zs + ta|zb + EaﬁBAmevﬂ + pBa = Am_ﬁt—‘—’

(4b11)

where pB! is the depth integrated interaction drag. We again suppose that there
is a normal water pressure and intrinsic drag 72! acting on the ice base, and that
the ice surface is subjected to a tangential intrinsic wind stress 75!. Thus

tia 2 = A’T;I, tialzb =A {TOE)I _ Pwna}zb . (4b 12)

The ice momentum balance, using (4 b12) with (3 d 14), becomes

ON¢ 0z
afB sl bIy W
925 +A(TS +712) Amgaxa + eapzAm fovg
: 0A Dv
i _ pW = A @
+ P8y~ PV = AmeE, (4513)
while the Hibler (1979) momentum balance is
ol 0z Dv
aB sH bH w — o
N +75 4T, Amgama + eapsAm fovg = Am Dt (4b14)
Correlation of (4b13) with (4 b14) requires
ong = Nig, (4b15)
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The dynamics of sea ice 267
which is the first precise definition of what is meant by agﬂ, and
TH = ArSt =73 PH = AP = (4b16)
which are partial tangential surface tractions, and
. 0A
B, = PV —. 4b17
pB, Bz, (4617)

With the common horizontal ice and water velocity condition, (3a9), the total
momentum and ice momentum equations (4 ¢ 4) and (4 a 11) determine the inter-
action drag pBi . Eliminating the stress gradients and Coriolis force in turn gives
the alternative forms

pB. = (1 - A) {6aﬁ3mfcvﬁ —mg

02y Do, w O0A
5z. "Dt }*P Bz,

ON:
=—u—m{aéf+mﬁu¢m}+PW

0A
Oz,

Suppose that the layer water has a depth independent horizontal velocity field
v¥, then on integrating (3 d 2) through the layer thickness h,, the interaction drag
(45 17) determines the motion of the water

Do¥
m
Dt
sW b

where 75V, 7®W are the tangential intrinsic wind stress and basal drag on the layer
water. Essentially (4b17) is a minimum interaction force which allows the layer
water to move freely in the leads unimpeded by the surrounding ice, while (4 b18)
is in some sense a maximum interaction force, which carries the layer water with
the ice. Any alternative would require an analysis of the three-dimensional layer
water motion.

Furthermore, the explicit forms used by Hibler (1979) for the surface and base
tractions are

0 = p,CH| VI |(V cos ¢ + k A V[ sin ¢™),
(4520)

(4b18)

: B
= (7 + V) + egsmfovf — mggz—, (4b19)

™ = p , CHIVE —»|[(VE —v)cos " + k A (VI — v)sin 6],

which are quadratic drag relations analogous to (4a5), where V! is the geo-
strophic wind, V! is the geostrophic ocean current, C' and C¥ are air and water
drag coefficients, p, is the air density, and ¢ and 0" are additional air and
water turning angles associated with the planetary boundary layer. These do not
include the area fraction scaling A, since C!, C¥ are supposed to be constants,
and so are inconsistent with (4 b 16).

5. One-dimensional analytic solution

(a) One-dimensional equations

The prime purpose of the model is to predict the dynamics and thermal pro-
cesses of the ice pack coupled with atmosphere and ocean dynamics, necessarily
a large-scale numerical computation. An important step will be to solve uncou-
pled problems, in which the driving and responding conditions at the surface and
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268 J. M. N. T. Gray and L. W. Morland

base are prescribed, still a complex numerical problem. Section 4 has summarized
the two-dimensional equations, and drawn distinctions with the model at present
in use, in particular highlighting the ridging model which prevents the ice area
fraction exceeding unity, and noting the different structure of the equations in
converging and diverging zones, and the presence of moving interfaces separat-
ing such zones. It is essential to establish numerical algorithms which can solve
accurately some idealized problems which include the main physical features of
the equations and which include such moving interfaces, and so one-dimensional
motions are worthy of serious investigation. Two basic problems are onshore and
alongshore drift (Pritchard & Schwaegler 1975), and there have been various nu-
merical treatments — see, for example, Leppéaranta & Hibler (1985), Haikinien
(1987) and Overland & Pease (1988) — making different assumptions. These have
not treated the auxiliary ridging process nor dealt with a moving interface, and,
most importantly, had no comparison analytic solution to verify numerical accu-
racy (or even the general validity of the algorithm).

A class of one-dimensional onshore drift solutions will now be constructed
analytically, ignoring the Coriolis force to maintain the uni-axial motion, and
ignoring the phase change and thermal fluxes at the surface and base. The ocean
is assumed to remain at rest with dynamic surface 2z, = 0. These assumptions
do not change the structure of the differential equations, so solutions will serve
to test general numerical algorithms. The physical variables depend only on time
t and one space coordinate x; = z, and the pack velocity and surface and base
tractions have only axial components v, 7°!, 7!, and only the integrated extra
stress component N;; = N° enters the axial momentum balance. Let the pack be
initially at rest with uniform thickness hg and ice area fraction Agy, and occupy
0 <z < ly, with x = 0 a rigid coast and x = [, the free edge bounded by water.
For ¢t > 0 the pack is driven onshore by a wind stress 78! (< 0) such that the
coast edge z = 0 is stationary, v = 0, and the ocean edge = = I(¢) is free of extra
stress, N® = 0. In the first phase 0 < ¢t < t; the entire pack is in converging flow,
and in the second phase ¢t; < t < t; an expanding zone of diverging flow spreads
from the floe edge x = I(t), reaching the coast at time ¢,.

This two phase motion is illustrated in figure 9, where z = [,(t) is the moving
interface between converging and diverging flow zones labelled R and Rp respec-
tively. Note that in the second phase t > ¢, the free edge is shown to continue
to move towards the coast during the initial period of divergence, and only to
reverse direction in the final stage. This was always the situation for calculated
examples of the class of motions introduced later. By definition, the interface
is at neutral flow, n = 0, and the velocity field is continuous. Furthermore, in-
dependent of the adopted constitutive law, we suppose the extra stress IN¢ is
strictly negative during convergence n < 0, but approaches zero continuously as
n — 0 for continuity across the interface with the diverging zone n > 0 where
N°¢ = 0. In addition, we must exclude discontinuity of wind stress across the
interface, since the changing interface location has no influence on the weather
system. The momentum balance (4 a 4) therefore implies that the stress gradient
ON°¢/dz must be continuous across the interface, and hence zero since N¢ = 0 in
the diverging zone. Strengthening the above continuity of N¢ to differentiability
as n — 0, it follows that dn/0z must vanish at the interface. This is true for
a viscous behaviour in which N°¢ is a differentiable function of 7. The motion
therefore satisfies the following conditions:
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Figure 9. Free edge I(t) (solid curve) and interface path I.(t) (dotted curve) separating zones
of convergence Rc¢ and divergence Rp.

z=1,(t):

Rc(0<$<lz):
Rp (I, <z <l):
t1<t<t21

h=hy, A=A, v=0;

v =0;

_ Ov

n_% )

n =0, Z—Z:O, v continuous;
v<0, n<0;

n>0;

0 <L) <), L(t) =1(t),
lz(t2) =0, [ (t) <0

z

The ice area fraction A and thickness h evolution are governed by

DA

—; T A{l - a(A)H(-n)}n =0,

Dt

where

Dh
Dt + hna(A) H(-n) = 0,

ov D 0 0

== +tv5.

"Z %z Dt ot oz

Phil. Trans. R. Soc. Lond. A (1994)

(5a8)

(5a9)

(5a 10)


http://rsta.royalsocietypublishing.org/

/,//’ \\
J

A
i P 9

P
4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

270 J. M. N. T. Gray and L. W. Morland
The momentum balance is
ON°® L bl Dv
° = ph— 11
5p T AT +77) = ph (5all)
and the two ocean drag models considered are
™ = —pycv or T = —pLcylvfv. (5a12)

The inverse solution construction proceeds from an assumed smooth deformation
field and interface motion satisfying the properties (5a2)—(5a7) and solving
(5a8), (5a9) subject to (5a1) for A and h. The balance (5a11) together with a
constitutive law for N¢ and drag law (5a 12) then determines the required wind
stress 7°!. Continuity of v and Dv/Dt through ¢t = ¢; will also be imposed to
obtain a continuously varying wind stress through ¢ = t;. For illustrations of
required wind stresses we use a linearly viscous model

N = hAF(A) 2 (), (5a13)
where ( is the axial viscosity and f(A) is given by (4 a 16):
e M1-4) _ o=
1—e?

The ridging flux ratio a(A) given by (4 a 15), which allows an analytic solution,
is adopted, namely

F(A) = O<ALL), AL (5a14)

Oéf(A—Af) (0<Af<A< ].),
0 (0 <A< A,
where
1
afZITA——f>1. (5@16)

(b) Normalized variables and deformation gradient

We adopt the normalized variables introduced in §2d with I* = I, so that the
pack length in X is initially unity, and for convenience introduce a timescale ¢#
and dimensionless time ¢ by

vt =1 =1y, t=1t"1 (5b1)

with A* and v* prescribed as before, and e = h* /Iy < 1 still holds for pack lengths
lo envisaged. Note that the timescales t# and t* defined by (2d 19) are different,
and t# = 10t* for v* = 107! m s, [, = 10° m. Now

D 1(8 ~6> 1D v 195 1

Dt~ \ai T'ax) " wpr T = (552)

9z thox  tF
The solution is most easily constructed in material coordinates (£, ), where ¢ is

the particle position X at £ = 0, and the ice pack occupies 0 < ¢ < 1 for all 7.
Denote a particle path by
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The dynamics of sea ice 271
then the deformation gradient F(¢,%) and velocity ¥(¢,%) are given by
Ox Ox
F=-=2>=>0, ==, b4
o€ "7 (564)
which satisfy the connexion
oF 0v
il ¥ 5b5
ot 8§ (565)
Given F(&,t), the particle ¢ position at any fixed time t is recovered by
£ -
X =/ F(¢&,t)deg. (5b6)
0
For any function w(X,%) = w(¢,1),
ow ow Ow O ow D'w
T F . =2 4% 5b7
o€~ ax’ o of 'ox DI (557)
since & = (8X/0t )¢ with the definition (5b4). In particular
.06 100 10F 4
1=3X " Foc Fol F (568)
The evolution equations (5a8), (5a9) become
0A A v OF
—_—= 1 - A —_— =
7t E - adH=) ] o =0, (569)
Oh  hA— A oF
H ) — = ) 5 1
T FIo A g =0 (5610)
with the additional condition
F(£,0) = 1. (5b11)

The momentum balance (5a11) becomes

YA usl bl v* v OV 1 8Ne
=—h—=—=—F 1
AR(TS + 7)) gt#ehat Fog (5b612)

where

R=krel=0(1), ™M =60 or —&|vly, (5b513)
and

& = W?’<m) & = Wﬁ’<om (5b14)

The linearly viscous law (5 a 13) gives a stress gradient contribution in a converg-
ing zone

LONC _ HOD Lty |20 - L0800 4 200 [hdsd] ), (sb15)

(= ¢/pgh™t*. (5016)
Phil. Trans. R. Soc. Lond. A (1994)
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272 J. M. N. T. Gray and L. W. Morland

Since 9(£,t) is continuous through ¢ = #;, and ¥, 09/0¢, 8*6/0¢? are continu-
ous across the interface by continuity of o, 00/0X, 8*0/0X?, the stress gradlent
ON® /O€ is continuous throughout the motion. Contlnulty of the wind stress 7!

through ¢ = #,, determined by (5 b12), therefore requires the further restriction on
the assumed motion that dv/0t is continuous through t = t,. For a given net force
78l 4+ 71 < 0 in the momentum balance (5b12), since 89/0t < 0 and 8N/8§ >0
in the converging zone, the coastward acceleration decreases as ON /O¢ increases
with increasing interaction resistance. Furthermore, the balance cannot be be-
tween negative 90/9t and positive §%0/9&* which follows from positive IN°®/9¢
in the viscous model (5b15), so the equation does not have a diffusion structure.

The solution domains are now

0<€E<] (0<t<th),
Ro oo (5017)
£<Lz(t) (1<t< 2)7
Rp: L(f) << (B <E< ), (5b18)
where
L) =1, L.&)=o0, L.(f)<o. (5b19)

(¢) Area fraction and thickness

We will suppose that Ay > A so that the a(A) variation (5a15) applies
throughout the converging flow. A solution while A first increases from A, < A;
to A; could be constructed 51m11arly At a given £ " the converging flow continues

to a time #,(£) > f; when & = L,(#,), unique since L, is monotonic. With (5 a 15),
(569) becomes

DA . o A(1 — A) OF
ot F ot
subject to A= Ay, F =1, at t = 0, which has the explicit integral,

0<t<t(8): =0, (5cl)

0<i<i(6): A=

(5¢2)
At time ¢,

i=0.(6): A=4.¢)=

Ao + (1 — Ag)For(€)’ F.(§) = FI§L.(6)], (5¢3)

which are the initial function values for the subsequent diverging flow described
by

- ~ F
tz(€)<t< 2" ’6_7""_ :0, (504)

which has explicit integral,

L) SISt A= A(OFE)/F. (5¢5)
During the converging flow (5b10) with (5a 15), becomes
Oh  ach(A— Ap) OF 0

< £< ~Z : ar- —= ,
0 t.(€) 5 + 2 57 (5¢6)
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The dynamics of sea ice 273
subject to h= ho, F =1, at t = 0, which has the explicit integral,
0<EKE(E): h=hoAy/F + ho(l — A)F~" = hyAy/FA. (5¢7)
At time ¢,
E=1.(6): h=ha(€) = hodo/F.(6) A.(6), (5¢8)
and since in the subsequent diverging flow Oh/0t = 0,
.(6) <E<h, h=h.() (5¢9)

If the thermal terms k, ¢', b' are prescribed functions of ¢t at each particle
&, then particular integrals can be added to the solutions (5c¢2), (5¢5), (5¢7),
leading to modified A and h. The above explicit solutions for A(€, ) and h(&,1)
depend only on the deformation gradient F(£,1), so solutions can be constructed

for any F(¢,t) defining a motion and interface path with the properties listed in
§5a.

(d) Deformation field

The analytic expressions for fi({ 1), 7L(§ ,1) are explicitly in terms of F(£,¢ )s
the deformation gradient, from which the velocity field ¥(¢,%) is determined
through the connexion (5b5). We assume forms of F(£,%) in 0 < t < #; and
t; < t < t, which immediately satisfy some of the required conditions listed in
§5a, and with flexibility to meet the others. Consider for the first phase

0<i<t: F=1-T{)(1-&", n>0, (5d1)
where I = 1 initially implies I'(0) = 0. Then by (5b5) and (5b6)
v OF e "
5~ o - L= (5d2)
v -
5 = OI-9 (543
I (5d4)
X—¢- Sr)1{1_(1_g)n+1}, (5.d5)

satisfyingq“)=00n§:Oand81}/85=Oon§=l,andﬁ:Q,F?latfzo.
Then the converging flow condition ¥ < 0, F < 1, for 0 < t < t; is satisfied
provided that

roy=o0, r'o0=o0, I'(t)>0, 0<I'({)<1 (0<t<t). (5d6)
At the transition time ¢, the acceleration is

sz 00 I'(E) o e
t=t: == n+1{1 £ty (5dT)

The second phase t; < t < £, incorporates the interface & = L, (t) with prop-
erties (5b19) and interface conditions (5a4) which imply ¢ and F continuous,
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274 J. M. N. T. Gray and L. W. Morland
and 9v/0¢, 8?9/0€E?* vanishing. Consider
h<i<h: F=1-N1-8"—c1-{1-9" - [L{) -}, (5d8)
where c is a free positive parameter such that
I=I{)>0, ¢>0, In+c<l. (5d9)

The latter inequality guarantees F' > 0 at { = 0, t = t,, and hence throughout the
phase since F/0¢ > 0 at t = £, and we will see that 0°F/9¢0t = 8*0/9¢* > 0.
F is continuous at f = #; since L,(f;) = 1. Now

e GBI AGE (a10)
oe = —nell® (L0 - (LD - ¢+ m-na-0}, Gaw)
5= eELOEAE) ~ (1 - OIL.E) — &)
S )T - B - g, (d12)
I n+1 c n+2
X=g- T 1-(-m) - =S 1- (-9
i -a-9[Lo-¢")

_m{igw(g)_ [EZ(E)—g}”“}, (5d13)

so that 99/0¢ = 825/8¢2 = 0 at ¢ = L,(f) and, with L < 0, 85/8¢ changing
from negative to positive as ¢ increases through L, (#) requires

n even integer >2= n=4,6,... (5d14)
Continuity of ¥ through # = £;, when L, (t) = 1, requires
nel () = —I"(1,) < 0. (5d15)
At the transition time #; the acceleration is
P=h: S=di@ {5 n-a-om)
+(n—1)c [E;(E)]2{1—(1—§)“}, (5d16)
so continuity requires
L (h)=I"(#) =0, nel!(i) = -I"(#). (5d17)

Since I"(£) > 0 for # < {1, and I"(f;) = 0, then I"'(#;) < 0. Similarly, L (f) < 0
for > ; and L’ (f;) = 0, so L"(t;) < 0. Compatibility with (5d 17) requires that

LI(H) =TI"(fH) =0, (5d 18)
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The dynamics of sea ice 275
and so this class of motions have the property
. ov

i=1 ﬁ:—g—z(). (5d19)

Thus I'(£) and L, (#) have the properties

ro)=o0, 10)=0, I()=TIy,
~ N ~ o (5d20)
') =I"E)=0, I'E)>0 (0<i<h),
f/Z(El) =1, E/z(fl) = Eg(fl) =0,
5 . (5d21)

The most simple polynomials meeting these requirements are

ro=r () fos (1) (1))
N i\ |
ra e (D~ (D). saz

¥ o7\ (E_tl)3 Froey — (t_ivl)2 yry (E_El)
le(t)— 1- (~2—£1)3, Lz(t)_ 3(52_7’51)37 Lz(t)_ (t2_£1)37
(5d23)

0<t<t: F=1-1) (}) {6—8(tj>+3(%~> }(1—5)“, (5d24)

t1\£<£22 F:]"_Fl(l—f)"
_c(l_é){(l_é)n_ [1_5_M] } (5d25)

(t2 —t1)®

N

A choice
I'=c= % (5d26)

determines a maximum compression at the coast at time ¢ = ¢, corresponding to
F=0.75.

(e) Illustrations

The above construction is now used to illustrate a motion with converging
and diverging zones. We determine the ice thickness and area evolution, and the
required wind stress when the ice response is described by a linearly viscous fluid
model, for both linear and quadratic drags. We adopt the parameters,

R =5m, "=l =10°m, v*=10"ms™!, 7°=10""Nm?2 (5el)
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Figure 10 Figure 11
[7): [+):
v v
F F t* 1*
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Figure 10. The deformation gradient variations F' with X are shown at a sequence of time ratios.
These hold for cases (i)-(iii) and (a), (b), because F' is independent of the concentrations A,
Ao and the times {1, to. The dotted line shows location of the interface L. (% t) and the vertical
solid line shows location of the free edge L(%).

Figure 11. The velocity distribution @ as a function of X is shown at a sequence of time ratios,
common to cases (i)—(iii). The factor #; is included to eliminate explicit dependence on #; and a
further factor t#/t is used to renormalize. In case (a) t##; /t* = 1 and in case (b) t#1; /t* = 0.5,
so in case (b) ¥ is double the shown velocity scale. The dotted line shows location of the interface
L. (%) and the vertical solid line shows location of the free edge L(#).

so that

e=5x10"% Kk=222x10"% & =0.444, (5e2)

and

t* =107 s = 10t*, v*/get” =2.04 x 107*, pgh*t* = 4.5 x 10" Nm?s,
(5€e3)
For the wind stress calculations we need further drag properties. The linear and
quadratic drag relations (5b13) with coefficients

¢ = 10°c; = 0.55, &, = 10%c, = 0.55, (5e4)
where ¢; has unit m s~! and ¢, is dimensionless, are chosen on the basis of Hibler’s
(1979) quadratic drag value. We adopt a contact length fraction function f(A)

defined by (5a 14) with
A =20, (5eb)

which corresponds to the Hibler (1979) approximation. Two linearly viscous mod-
els are considered, with distinct viscosities. The first provides a competitive bal-
ance between the stress gradient (55 15) in (5b12) with the wind stress and basal
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i/t =18
0
-2
1 d
0.0 0.5 1.0
2 . 2l
i/t =10
c -~
b ol t/h =19
1 i 1 ]
0.0 0.5 1.0 00 0.5 1.0
o 2k
i/t =15
0 i/t =2.0
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Figure 12. The divergence 7 = 99/9X as a function of X is shown at a sequence of time ratios,
common to cases (i)—(iii). The factor #; is included to eliminate explicit dependence on #; and a
further factor t#/t is used to renormalise. In case (a) t##1/t* = 1 and in case (b) t#1 /t* = 0.5,
so in case (b) 7 is double the shown divergence scale. The dotted line shows location of the
interface L, (t) and the vertical solid line shows location of the free edge L(#).

drag, and the second corresponds to Hibler’s (1979) integrated viscous law:

(= =5x100kgm s (= 0.111,
12 1 -1 ; (5e6)
(=¢ =125 x10"kgm™"'s™', (=277T.
The examples all use
n = 4, ho = 05, ho =25 m, (5 e 7)

and three sets of critical and initial area fractions are explored:
(1) Af = 05, af = 2, Ao = 05,
(i) A;=05, =2, Ay=0.75 (5e8)
(iii) A¢=0.75, or=4, A;=0.75.

In view of the distinct magnitudes t#, t* related by (5e3), the dimensionless
phase times t1, t; are chosen to reflect weather system scales, and two pairs have
been investigated:

(a) & =t*/t#, ty = 2t /t#;

(b) & =t/(2tF), I, =t/tF. (5€9)

In both, the ratio f,/f; has the same value 2. The second pair represents the
deformation evolution at double the rate of the first in view of the dependence
of F, (5d24), (5d25), on t/t; and ¢, /t, only, but not so the velocity, divergence,

stress gradient and wind stress which have explicit dependence on ¢; as well as on
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Figure 13 Figure 14

h h

0.6

0.5

0.0

Figure 13. Ice area fraction distribution A at a sequence of time ratios, for sets (i) (dot—dash
curve), (ii) (dashed curve) and (iii) (solid curve). These hold for cases (a ) and (b), because A is
independent of the times #; and #>. The dotted line shows location of the interface L, (f) and
the vertical solid line shows location of the free edge L(7 ).

Figure 14. Ice thickness distribution h at a sequence of time ratios, for sets (i) (dot-dash curve),

(ii) (dashed curve) and (iii) (solid curve). These hold for cases (a) and (b), because_ h is inde-
pendent of the times {1 and f. The dotted line shows location of the interface L.(f) and the
vertical solid line shows location of the free edge L(%).

t/t;. It is therefore convenient to display calculated physical variables as functions
of X at a sequence of fixed times ratios #/#;, with the major distinctions occurring
in the wind stress displays.

The free edge path X = L(f), interface path X = L,(f), and the kinematic
variables F', ¥, 7j are independent of A; and Ag. Further, t,9 and ¢,7 are functions
only of £/t in view of (5d 4), (5d12), (5d2), (5d 10) and (5d 22), (5d 23). Figure
10 shows a sequence of deformation gradient variations F' with X at different time
ratios £/t;. These are independent of A¢, Ay and the times #;, £, and hence are
common to cases (i)—(iii) and (a), (b). Also shown are the free edge path X = L(t)
and the interface path X = L, (). In figure 11 the velocity 9 is shown with the
factor £, to eliminate explicit dependence on #; and a further factor t#/t* to
renormalize. In case (a) t#%;/t* = 1 and in case (b) t#%,/t* = 0.5, so in case (b) ¥
is double the shown scaled velocity. The figure shows velocity as a functlon of X at
a sequence of different time ratios ¢/¢;, common to cases (i)-(iii). Figure 12 shows
the divergence 7 in a similarly scaled form, common to cases (i)—(iii). The more
rapid changes arise near the end of the second phase, particularly the velocity
and divergence in the diverging zone to the right of the interface, indicated by
the dotted line. _

Figures 13 and 14 show the area fraction A and thickness h at the same times
for each of the sets (i)-(iii) in (5e8). The distinctions between cases (i) and (ii)
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Figure 15 Figure 16
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Figure 15. Wind stress distribution 7*' at a sequence of time in case (a) for viscosity ¢1 (solid

curve) and viscosity (2 (dashed curve) with linear drag relation. The dotted line shows location
of the interface L,(f) and the vertical sohd line shows location of the free edge L(t).

Figure 16. Wind stress distribution 7*' at a sequence of time in case (a) for viscosity ¢1 (solid
curve) and viscosity (2 (dashed curve) with quadratic drag relation. The dotted line shows
location of the interface L, () and the vertical solid line shows location of the free edge L(t).

and case (iii) reflect the influence of o4, and the distinction between case (i) and
cases (ii) and (iii) reflect the influence of Ay. Specifically, the influence of A, for
given oy is shown by a comparison of the results for the sets (i) and (ii). For
the larger A, there is less room for A to increase during convergence, and so the
ridging process enhances the increase in thickness h. Increase of A; is reflected
by increase of g, and the influence of o at given A, is shown by a comparison
of the results for sets (ii) and (iii). Larger As implies that the ridging starts at
larger A so that thickness increase is less pronounced, compensated by greater
increase in area fraction A. The influence of ridging is naturally confined to the
region of greatest convergence.

Figures 15 and 16 show the required wind stress for set (iii), (5e8), and case
(a), (5€9), at a sequence of times for the linear and quadratic drag relations
respectively, comparing the smaller and larger viscosity, (1, (2, results. The change
between linear and quadratic drag relations is not great, except near the free
edge at later times when the velocity becomes large enough for the quadratic
dependence to be more significant. The viscosity change is significant, showing
the large coastward wind stress necessary near the coast during the convergence
with higher viscosity. This implies that a moderate prescribed wind stress in
the direct problem must result in a lower convergence than constructed in the
present situation if the viscosity is so high. Note that the acceleration term is not
significant because the coefficient v*/(get*) is negligible (5e 3).

Figures 17 and 18 show the corresponding results for case (b), (5e9), when
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Figure 17 Figure 18
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Figure 17. Wind stress distribution 7' at a sequence of time in case (b) for viscosity ¢1 (solid
curve) and viscosity (2 (dashed curve) with linear drag relation. The dotted line shows location
of the interface L. (%) and the vertical solid line shows location of the free edge L(%).

Figure 18. Wind stress distribution 7*! at a sequence of time in case (b) for viscosity ¢; (solid
curve) and viscosity (2 (dashed curve) with quadratic drag relation. The dotted line shows
location of the interface L.(¢) and the vertical solid line shows location of the free edge L(%).

t, is halved so that the deformation evolves at double the rate. The viscosity
comparison remains the same as above. It can be seen, however, that increasing
the deformation rate both increases the wind stress magnitudes and increases
their gradient in the regions of high convergence and high divergence. Moreover,
this effect is more pronounced with the quadratic drag relation than with the
linear drag relation, because of the velocity influence.

In addition to showing some qualitative effects of different parameters, this
exact solution provides an important test problem for any numerical algorithm
constructed to solve the coupled system of partial differential equations over a
domain with a moving edge and with distinct regions of convergence and diver-
gence separated by an unknown moving interface. The applied wind stress at
all points and times for the direct problem is calculated from the algebraic re-
lations (5b14) and (5b17) once the differentials are calculated and the known
deformation, velocity and velocity gradients are substituted.

6. Concluding remarks

The mathematical analysis we have presented makes precise the many assump-
tions and approximations necessary to model the dynamics of a large-scale sea
ice pack by two-dimensional theory. It rests on the use of dimensionless variables
normalized through observed magnitudes and recognition of the essential mo-
mentum balances, and on the use of stretched coordinates to reflect the assumed
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slow and smooth variation of quantities over the length scales of an individual
floe and of the pack. The physical notions underpinning the formulation are im-
plicit in other treatments, but our theoretical mechanics approach determines
a structure in which quantities are fully defined and in which both the validity
and weakness of many of the approximations are exposed. It therefore comple-
ments the more direct physical approaches, but, more significantly, provides a
mathematical framework in which physical assumptions can be interpreted and
assessed. Moreover, the mathematical approximation scheme based on a small
dimensionless parameter determines a leading-order reduced model in which the
neglected terms are consistently of higher order in the small parameter.

We can highlight some of the main features which we see as significant theoret-
ical developments. An explicit formulation of the ice floe and lead water motions
and conservation laws within an interacting continua framework (mixture the-
ory) exposes the accompanying smoothness assumptions and required relations
between partial and intrinsic variables. Integration of the full three-dimensional
equations through the ice pack thickness introduces the assumptions of smoothly
varying layer thickness h and ice area fraction A, and defines a thickness inte-
grated stress field. A detailed analysis of a single coherent floe demonstrates that
the mean depth integrated stress is, to leading order, determined by the extra
edge tractions induced by interactions between adjacent converging floes. This
allows an interpretation of pack stress as a mean stress in the local floe, in turn
related to the relative motions of local floes described in terms of the pack veloc-
ity field. From this we have the first formal interpretation of a constitutive law for
the ice pack stress, and its dependence on the converging or diverging nature of
the local flow. A major weakness of this theory, which applies to all the implicit
treatments, is that the individual floes should be much smaller then the pack, so
that mean values over floes can be sensibly interpreted as local values of the pack
scale variables. This fails for the larger floes which occur in practice, so solution
of pack equations will not represent real variations over the larger floes.

A serious deficiency in earlier models is that the ice area fraction can, and
would without artificial numerical cut-off, exceed unity in maintained conver-
gence. This has been recognized as a consequence of neglecting the redistribution
of converging ice into thicker ridges (in the evolution equation). Here we formu-
late a simple ridging mechanism, which could be generalized, that accounts for
this redistribution and leads to consistent area fraction evolution, allowing only
an asymptotic approach to unity in maintained convergence. We also illustrate
that even an elementary viscous model for the ice pack stress can predict that the
stress field in a highly converging zone must satisfy approximately some failure
criterion based on a combination of the stress invariants.

The theory also emphasizes the distinction between the equations in converging
and diverging flow regions, both in relation to the ice pack stress and to the ridging
process. This highlights the occurrence of moving interfaces between such regions,
across which appropriate matching conditions must be satisfied. These unknown
moving boundaries must be determined as part of the solution evolution. This
is the first time this significant, and complex, feature of the ice pack evolution
has been identified. A final one-dimensional analytic solution is constructed for a
particular class of problems which involve the formation of such an interface and
its subsequent motion through the pack. While not necessarily of direct physical

Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

e

A
\

\\ \\
2

/

LY
{

A

P\

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL A
g\

SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

282 J. M. N. T. Gray and L. W. Morland

interest, it can serve as a first test solution for numerical algorithms which must
be constructed to treat realistic two-dimensional motions.

7. Nomenclature

a Particle acceleration with respect to the Earth

a Coriolis acceleration

aV Acceleration in fixed stars Newtonian frame

a Mean horizontal Newtonian acceleration

b Volume flux of ice ablating from the floe base per unit area

b Partial ice volume flux per unit cross-section

bt Intrinsic ice volume flux per unit cross-section

bW Intrinsic downward water volume flux per unit cross-section,
needed to maintain the layer base

c Linear water drag coefficient

C2 Quadratic water drag coefficient

¢y Scaled linear drag coeflicient

¢ Scaled quadratic drag coefficient

e, e Tangent vectors

f Mean proportion of ice-ice contact length on floe boundaries

fe Coriolis parameter

g Gravitational acceleration

g* Gravity due to Earth’s mass

h Ice thickness

he Coherent ice thickness

hg Thickness difference between ridged and coherent ice

hH Ice thickness, used in Hibler (1979)

Ri Partial ice thickness

h, Ridged ice thickness

hy Layer water depth

ho Initial ice thickness

h* Ice thickness magnitude

h, h Non-dimensional ice thickness, as functions of spatial and
material coordinates

i,5,k Unit coordinate base vectors

k Mass transfer per unit pack volume per unit time,
due to phase change

k* Mass transfer per unit pack volume per unit time,

from coherent to ridging ice
One-dimensional ice pack length

l¢ Horizontal ice floe length scale

l, Position of the moving interface between converging and
diverging zones, in the one-dimensional motion example

lo Initial one-dimensional pack length

* Ice pack and weather system length scale

m,m Physical and non-dimensional intrinsic ice column mass

mH Ice column mass, used in Hibler (1979)

Partial ice column mass
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Partial water column mass

Unit normal vector to a material surface

Partial water pressure

Intrinsic water pressure

Volume flux of ice accreting to the surface of the floe per unit area
Partial ice flux to the ice surface

Intrinsic ice flux to the ice surface

Accumulation rate of water per unit water surface area

Radiation energy deposit to the ice per unit volume per unit time
Position vector of particle P

Radiation energy deposit to the water per unit volume per unit time
Tangential vector to a material surface

Time and non-dimensional time

Times and non-dimensional times at which the

first and second phases end, in the one-dimensional motion example
Evolution timescale

Time scale for one-dimensional illustration

Total traction

Normal traction on the base and surface of the ice

Tangential traction on the base and surface of the ice

Partial ice traction

Intrinsic ice traction

Intrinsic normal and tangential ice tractions

Partial water traction

Intrinsic water traction

Horizontal ice velocity magnitude

Pack velocity

Non-dimensional pack velocity, as functions of spatial

and material coordinates

Relative velocity to floe P

Distortional velocity

Ice velocity

Rigid body velocity

Vertical velocity component which transports ice into sails and keels
Layer water velocity

Axial position

Position vector

Position vector in local floe coordinates

Position vector relative to the centre of floe P

Physical and non-dimensional ice base

Physical and non-dimensional ice surface

Physical and non-dimensional water surface

Floe labels

Ice concentration, as functions of spatial and material coordinates
Initial ice concentration

Concentration of coherent ice per unit mixture area

Ice concentration, used in Hibler (1979)

Concentration of ridging ice per unit mixture area
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Physical and non-dimensional body force

Physical and non-dimensional floe edge contour

Quadratic drag coefficients for air and water used in Hibler (1979)
Specific heat of ice

Strain rate tensor

Deviatoric strain rate tensor

Evaporation rate per unit water surface area
Deformation gradient

Physical and non-dimensional net force due to extra tractions
Thickness dependence for the integrated stress
Heaviside unit function

Non-dimensional layer water depth

Physical and non-dimensional moment of inertia of
an ice floe about a vertical axis through P
Integrated stress invariant

Thermal conductivity

Thermal conductivity of ice

Latent heat

Non-dimensional position of the moving interface between
converging and diverging zones, as a function of
material coordinates

Velocity gradient

Physical and non-dimensional ice floe mass

Origin

Axial integrated extra stress

Integrated total stress

Integrated extra stress

Mean integrated extra stress

Non-dimensional integrated extra stress

Mean non-dimensional integrated extra stress

Deviatoric mean integrated extra stress

Integrated partial ice stress

Integrated intrinsic ice stress

Integrated partial water stress

Label for the central floe

Partial integrated water pressure

Intrinsic integrated water pressure

Integrated stress invariant

Surface energy flux into the water per unit water area

Horizontal ice flux per unit width of vertical section

Converging flow zone

Diverging flow zone

Position vector of the centre of mass in non-dimensional coordinates
Physical and non-dimensional horizontal cross-section floe domain
Ice concentration and thickness source terms, used in Hibler (1979)
Integrated traction
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T" Integrated extra traction

VgH, vH Geostrophic wind and ocean current, used in Hibler (1979)
Spin tensor

X Non-dimensional position vector

pB Interaction drag per unit mixture volume on the ice due to
the water (the body drag)

pB Interaction thrust on the ice due to momentum production
during phase change

oBY Interaction thrust on the water due to momentum production
during phase change

e Ratio of vertical ridging ice flux to available horizontal flux

07 Strain rate invariant

Yo Invariant threshold

0ap Kronecker delta

€ Coordinate scaling parameter

€5 Floe aspect ratio

€ Pack aspect ratio

€ap3 Permutation tensor

¢ Bulk viscosity

n Horizontal velocity divergence of pack

7,7 Non-dimensional divergence as functions of spatial and

material coordinates

A divergence threshold

Air turning angle, used in Hibler (1979)

Ratio of wind stress to basal pressure

Scaled ratio of wind stress to basal pressure

Shear viscosity

One-dimensional position vector in material coordinates

Ice density

Air density

Partial density of coherent ice

Partial density of ridging ice

Water density

Partial density of water

Total stress

Total extra stress

Two-dimensional stress tensor, used in Hibler (1979)

Partial ice stress

Intrinsic ice stress

Non-dimensional intrinsic ice stress

Partial water stress

Intrinsic water stress
st Axial intrinsic basal and surface stress on the ice
Axial non-dimensional intrinsic basal and surface stress
on the ice, as functions of material coordinates

T A Qag

QAT DTDTVDLTD T IM
S = o = om0 s =~ o0

9999979
g

S
=

Sy
<N

T* Wind stress magnitude
7°,75,7°,7° Physical and non-dimensional basal and surface stress on an ice floe
rPH s Water drag and winds stress, used in Hibler (1979)
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L i Intrinsic basal and surface stress on the ice
oW, W Intrinsic basal and surface stress on the layer water
1) Latitude
ot Water turning angle, used in Hibler (1979)
0o, O1, D3 Functions of strain rate invariants
X Mapping from material to spatial coordinates
P Energy absorption by the ice per unit layer volume
due to phase change at the layer water interfaces
o, U1 Functions of the stress invariants
w Physical and non-dimensional angular velocity of an ice floe
w* Floe angular velocity magnitude
pB Integrated interaction drag between the ice and layer water
] Temperature
e! Ice temperature
Oun Uniform layer water temperature, assumed to
be saline water freezing temperature
©® Prescribed surface temperature
N Angular velocity of the Earth about its North—South axis
o Angular velocity of the Earth
Ay Magnitude of the gradient of z,
Ag Magnitude of the gradient of z
1 Unit tensor
tr Trace

The early development of this work took place as part of the FRAM Special Topic, under which
Dr J. M. N. T. Gray was supported by a NERC Ph.D. studentship at the Scott Polar Research
Institute, Cambridge. We are very grateful to Professor K. Hutter, who reviewed the original
manuscript very thoroughly, and provided us with a detailed commentary. He drew attention to
several places where the arguments presented lacked the steps and clarity necessary to justify
the results. We have therefore been able to rewrite those parts and, we trust, present a more
convincing account of the model construction.
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